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NATIONAL AIVISORY COMMITTEE FOR KERONAUTICS

TECHNICAL NOTE NO, 1115

INVESTIGATION OF THE STABIIITY OF THE LAMINAR
BOUNDARY IAYER IN A COMPRESSIBLE FLUID

By Lester Iees and Chia Chiao ILin
SUMMARY

In the present report the stabllity of two-dimensional laminar
flows of a ges 1is investigated by the method of small perturbations.
The chief emphesis 1s placed on the case of the laminar boundary layer.

Part T of the present report deals with the gensral mathematical
theory. The general equations governing one normal mode of the small
velocity and temperature disturbances are derived and studled in great
detail, It ie found that for Reynolds numbers of the ordsr of those
encountersd in most asrodynamic problems, the tempsraturs disturbances
have only a negliglble effect on those particular velocity solutions
vhich depend primerily on the viscosity coefficient ("viscous solu-
tions"). Indeed, the latter are actually of the sesme form in the
compressible fluid as in the incompressible fluid, at least to the Tirst
approximetlon. Because of this fact, the mathematicel enalysis is
greatly simplified. The final equation determining the cheracteristic
values of the stability problem depends on the "invizcid solutions” and
the function of Tietjens in a mamner very similar to the casec of the in-
compreseible fluid. The second viscosity coefficient and the coefficient
of heat conductivity 4o not enter the problem; only tho ordinary coeffi-
cilent of viscoslity near the solid surface is Involved,

Paxrt II deals with the limiting case of infinite Reynolds numbors.
The study of energy relations 1is very much emphasized., It is shown that
the disturbance will gein energy from the main flow if the gradient of
the product of mesan density and mean vorticity near the solid surfeace
has & sign opposlite to that near the outer edge of the boundary layer.

A general stability criterion has been obtaincd in terms of the
gradient of the product of density and vorticlty, snalogous to the
Rayleigh-Tollmien criterion for the case of an incompressible fluid. If
this gradient vanishes for some value of the velocityrstic of the main flow
exceeding 1-1/M (where M is the free stream Mach number),
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then neutral and self-excited "subsonic! disturbances exist in the in-
viscid fluid. (The subsonic disturbances die out rapidly with distence
from the solid surface.) The conditions for the existence of other
types of disturbeance have not yet been established to this extent of
exactness., A formula hes been worked out to give the amplitude ratio of
incoming and reflected sound waves, ' '

It is found in the vpresent investigatlon that when the solid bound. -

ary is heated, the boundary layer flow ls desiabilized through the change
in the distribution of the product of density and vorticity, but stabi-
lized through the incresse of kinematlc viscosity near the solid bound-
ary. When the soclid boundary is cooled, the situation is Just the
reverse., The actual extent to which these two effects counteract each
other can only be settled by actual computation or some approximate
estimates of the minimum critical Reynolds number. This guestion will
be investigated in a subsequent report.

Part IIT deals with the stability of laminar flows in a perfect gas
with +the effect of viscosity included. The method for the numerical
coumputation of the stabllity limit is outlined; detailed numerical cal-
culatlions will be carried out in a subsequent report.

INTRODUC‘I’ION

In e vecent paper (reference 1), one of the prosent authors has
clarified the theory of the stebllity of two-dimensionsl parallel flows
in a homogeneous viscous incompressible fluid. The experimental inves-
tigations of H. L, Dryden, G. B, Schubauer, H. K. Skramstad (reference
2) end H., W. Lioepmann (reference 3) egree with the calculations made by
Tollmien (veference L}, Schlichting (referonce 5) and those given in the
paper quoted {reference 1). Because of the increasing importance of

Phenomensa of gas flow at high speeds, it seems naturel that the investi-

gation should be extended to cover the case of a gas, taking into ac-
count the effects of compressibility and hest transfer.

The interest in this problem is further enhanced by the fact that
disturbances of finite amplitude in high-speed flows are known to have
the tendency of building themselves up into shock waves, It is there-
fore possible that lnstebility.of high-speed laminar flows wlill lead to
shock waves instead of turbulence,® Although an instebility theory in-
volving only emall dlisburbances would not be able to settle this point,
it at least paves the way to such an investigation.

1
This possibility was first polnted out to the authors by Doctor
H. W, Liepmenn.
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The present report is concermed with the stability of two-
dimensional laminar flows of a perfect mas, subject to small disturdb-
ances. The chlef emphasis 1s placed on the cass of the boundary layer.
It ims hoped that the results may throw light on the general features of
the relation of compression waves with the boundary layer, that it mey be
known how ‘the stability of a boundary layer is effectsd by the frse
stream velocity, and by the thermal conditions at the solid boundary.

As in the incompressible case, only small two-dimensional wavy dis-
turbances will be considered. Unfortunately, there i no rigorous proof
in the present case that these disturbances are more unstable than the
three-dimensgional ones, Bub the results of the incompressible cess to-
gother with some physical considerations seem to Justify such a treatment,
vhich naturslly simplifies the muthematical analysis to & large extent.

One esgential difference of the present problem from the instabil-
ity problem in an incompressible fluid is the presence of an apprecieble
interchange of mechanical and heat energles., Another is the fact that
the flow velocity is of the same order of magnitude as the velocity of
sound., The present investigations, however, reveal that the chief phys-
ical mechanliem is not changed. Thet 1s, the stability of two-dimensionsal
varallel flows depends primarily on the distribution of angular momentum
of en element of the fluid, and on the effect of viscous forces, but not
directly on heat conductivity. The viscous forces influence the stablility
of the flow both in building up the disturbance by incresasing the
Reynolds shesr stress and in destroying the disturbance by dissipation.
(Cf. sec. 1 of reference 1.) In the present case, however, the angu-
lar momentum of a given volums of the fluid depends upon the product of
dengity and vorticity. Thus, the gradient of this product plays the
same role ag the curvature of the velocity profile (gradient of vortic-
ity) in the incompressible case. Moreover, since the magnituds of
viscogity varies with temperature across the flow, there is an uncer-
tainty in defining a Reynolds number yhich will properly describe the
stabllity characteristice under various conditions. It is concluded
from the present investigations that the viscosity coefficient in the

neighborhood of the so0lid boundary is important., This tends to Justify

the process of Allen and Nitzberg (reference 6) in estimating tho criti-
cal Reynolds number for the boundary layer of a compressible fluid, =so
far as thelr treatment of the viscosity coefficient is concerned. They
have, however, neglected the effect of the distribution of angular
momentum in the fluid.

It is found in the present investigation that when the solid bound-
ary is heated, the boundary layer flow ir destabilized through the

change of &Aistribution of angular momentum, but stahilized through the

increase of kinematic viscosity near the solid boundary. When the solid

3
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boundary is cooled, the situation is Just the reverse. The actual ex-
tent to which these two effects counteract sach other can only be ssttled
by actual computation or some approximate estimatcs of the minimum crit-
ical Reynolds number. This question will be investigated in a subso.
quent roport,

The tranefer of energy between the mean Ilow and the disturbance is
also somewhalt different from that in thé incompressible case, becauso
the velocity of sound is finite. When a disturbance 1s being amplified,
energy pesses from the main flow to the disturbance not oily to cupply
the increase of energy of disturbance inslde the boundary layer, butb
also to supply the energy carried out of the boundary laysr by the disturb—
ance, For a demped disturbance, the opposite is true., For supersonic
Plows, there is also the possibility of energy transfer for neubtiel dis-
turbances., The energy ls carried into the boundary lasyer by an incoming
wave and.out of 1t by an outgoing wave, Thess two waves are gunorally
prosent simultancously, and the situation may be described as a reflec-
tion with a change of amplitude.

From the behavior of the dlsturbances outside the bowndary layer,
they are classified as "subsonic," "sonlc," and "supereconic" distuid-
ances, according to whether the phaese velocity of the wavy disturbance
in the direcctlon of the free stroem and relative to an observer moving

with the veloclity of the free stream, 1is below, sequal to, or above the ™7

local velocity of sound.

The method of analysis used in the present report is vory similar
to thet used in the incompivssible case. Indeed, an attempt is mads to
establish results anaslogous to those obtained in that case. Small dis.
turbances are considered, which ars analyzed linearly into normal modas,
periodic in the direction of the free stream, and thess are then trsated
separately. The normal modes may be damped, noutral, or self-excited
oscillations in time., TFor a given condition, the main flow is unstable
if any one of these modos is melf-excited. VWhen the disturbance be-
becomss so large that it can no longer be regarded as linear, tho
preosent theory ceases to apply. But it may then be eipected that turbu-
lence or shock wave will be precipitated by the nonlinsar effect. -

Reference should be made to the work of Schlichting (veference T)
and Kuchemann (reference 8), Schlichting was intorested in the stabl-
lizing or destabilizing effect of gravity and temperature gradient., But
he neglected the interchange of mechanical and heat smergies, In asro-
dynamical problems, the authors are not particularly interested in the
effect of gravity. Howsver, in the general mathematical investigatiom,
the inadequacy in Schlichting's fundamental equation will be discusssd
(sec. 2). Kichoman made only an "inviscid" investigation of the stabil-
ity of the boundsry leyer (pt. II of this report), but ho neglected the
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gradient of temperature and the curvature of the velocity profile. These
are serious omissions. Their significance will turn out in the process
of the present investigation. B

This investigation, conducted at the Californis Institute of
Technology, was sponsored by snd conducted with the financial sseistance
of the Natlonal Advisory Committee for Aeronautics.

The authors are indsbted to Professor Theodor von Karmen for BUpPe T
vising the work and to Professors Clark B, Millikan and H. S. Teien for
their interest and discuesions,

LIST OF SYMBOLS
Charec-

teristlc
Dimensional quantlitles Dimenslionless quantities Mzagure

Posltional coordinates.

o il x r
(2) v 7 __—
Time B
(3) t* _ % o
Veloclty components in the directions of the x- and y-axes, respectivﬁly
T T L
(5) e F ev L veame Y g

Components of streln tensor

* - *1 - R

(6) €xx = exx + €xx €xx = €xx + €xx uo /1
* - R - b 4 -

(7) €xy S€xy +Cxy Cxy = Cxy + €xy u, /1
* ¥ *1 - o =

(8) Cyy = €3y +E€yy gy = Egv + Eyy U, /1
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Charac-
- teristic
Dimensional quantities Dimensionless guantitles msasure
Componsnts of stress tensor
® . wx %1 S t 2%
(9) Tox = Tex *Tex Tox = Tax Ty o
(10) * -% %1 - | § -
T T T T T T
AR R " T Ty Po
(11) * - #t - 1 -%
= T =
TW TW+TW ¥¥ Tyy"'Tyy PO_
Density of the gas
* ¥ *1? ta(x - ct) -¥
(12) P =p +p o(y) + x(yle Po
Pressure of the gas
* - *t 1 - -¥
(13) P = 5 +0p p(y) + n(y)ei™* - ot) P,

Tomperature of the gas

A ]
(1h) P e BT

T(y) + 6(y)e

Coefficients of viascosity of the gas

i
-

(15) MY =y o+
-
(16} = 4

cra(y) + miy)e

pa(y) + mp(yle

ie{x - ct)

io{x - ct)

ia(x - c%)

(o B 3

3
Hio

-

. Big

.
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Dimecnglonal quantitlos

>

Dimonsionless guantitios

Charac-
toristic
MmoasuUYro

Thormel conductivity

(18) = E X

]
Wave number of the disturbenco
* *®
(19) ¢ = 2n/:\
Phaso velocity of tho disturbance

(20) c*

Specific heat at constant volumo
(e1) Cy

" Spocific hoat at constent prossure
(22) Cp

Gas conastant por gram

*

(e3) R

(2b) g

1 1
5 M (y) +5—k(ylo

c
1
4
y - 1

1

————

F2

1a(x - ct)

Cy
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Dimsnaionless quéntitie 8

Froude number

-
(25) F a2 _
e
"Reyndlds oumber
-t uk -
(26) _ ) R = pougl/iy

Mach nunmber

(27) M

[}
oi'i
~
w*
=

Prandtl number
. ' ¥ ¥
(28) = Cpa/k"~

Remarks: For the case of the boundary layer, the boundary-leyer thick-
ness ® will in general be taken to be the characteristic length; .for
some purposes, the displacement thicknsss ®; will be used, A bar over

a quantity denotes aversge value, & dash denotes fluctuation; and the
subscript ( ) dsnotes free stream value in the case of the boundary
layer. The subscripts 5, and "4 denote the resl and imeginary
parts of & quantity, respectively. ‘ T

I - GENERAL THEORY

1. The General Equations of Disturbance

The general equations of disturbance for a perfect gas which is
flowing para]_lel or neerly perallel to a given direction will now be de-~
rived. As has been explained, only two-dimensional motions with two- ’
dimensional disturbances will be considered.
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With tho systom of notation explalned above, and with positive y-axis
pointing vertically upward, the general equatlons for two-dimensional
motion of a perfect gas may be written as follows:

(a) Equations of motion,

* 3 . e, dTy
SO v
3t & dy x ¥y i
* g *
§_Vi+u*i"_+v*§1f=i_(§zz+fﬂ)-g* (2)
Jdt* St oy¥  p*Nax* oy
(p) Equation of continuity, )
op* d d
a'b gg (p*u*) + a—y— (p*v¥) = (3)

(c) Equation of cnorgy, | ) -

o*C,, {a'r . u*aq: . v*ar }=(T iprotly efy + Ty ly)

3 /% OT* d % I
) U)W
(d) Equation of state,
p* = PFR*T* _ (5)

In these equations, €§x: exy, eyy are the components of the rate-of-
strain tensor, and Txx’ % Xye Tyy are the components of the stress

tensor, They exre defined as follows:
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. W x ,;_'a_u_ugvi) L X (6)
em az* ] exy 2 ':ay* ax* 2 eyy ay*

n* 2 n* o
ke meeat 2t Pe St - (55 5

. r
-r*xy ul('a-"u;;+g9 } | | > (1)

* *
* * * OV 2, % * * o av*
Tyg = =P 2uy _By* +y3.(N2 - u3) _Bx;.l- o

J

The coefficients of viscoslty u"{ end u"z" and the coefficlient of
heat conductivity ki ere essentielly functions of temperature. Hence,
there results a system of five differentiasl equations for the five _
variables p¥, T*, p*, u¥, v¥. - e

Consider & motion which is slightly disturbed from a steady state.
Then it is convenient to separate any quantity Q*(x*, y*, t*¥) into a
steady-state part QF (x*, y*), end a small disturbance Q*'(x*, y*, %)

Qr(x*, y*, %) = Q¥ (x*, y*) + Q*'(x*, ¥*, t*) (8)

By substituting expressions of the type (8) for each of the variables
into (1) to (7), remembering that the steady-state parts satiefy those
equations by themselves, and, finally, neglecting terms quadratic in
the small disturbance, the following system of equations of disturbance
is arrived atb:

du” ( du* du* - dw*' . * ~
* =\ ox® + et By*> * -<u* ox* v oy*

il aekn bt O OF,
=}*( x4 &) - *2( ""+-.-"‘-”) (9)
PN dy* ) ol y* -
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tu” .
ot |t ¥ " "
t *1 %t s ¥
1[0 yyl| e / xy _ yy
b il e R e (20)
o \ox oy ) ox oy
*t . .
#Y % k%t *# % % x?
.;a_p._..‘.__a-(p u+pu>+_a__<p v +p V->=0 (11)
< %* ¥ - % . e e
ot oy
=t * 1t a | 4 ' a_* a,.-x-
#( 37 _*3p X dT | ¥ T | w1 3T
Cyp ( T Y ¥
\ Ot 3% dy ax oy
% ¥ - ‘xt -
#t/ 3T % JT -¥ 3T d =% 3F J*1SE
+ Cyp +u + = k + & —
* * * < % *
3t % dy & ox
‘o %
) ~*J T #t 3m ~ * e % %! - *?
+ - k - k — |+ Txxexx+27xy€xy+7yy€yy>
dy oy oy
¥t % *t % *t %
+(Txx exx ¥ 2Txy &y *Tyy 5yy> (22)
*t *t i:‘ef
k)
x - =t % (13?
b P

where -

11
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1 au*' - Xt 1 au*' a-v-*‘ *1 av-*, (J_h.)
€ = € = p— + — € o= / .
XX 2 2
Bx* >3 4 2 By* "‘Bx* Jy ay*
and
\
%1 ! % a ¥t %1 n=¥ % % *1 %t
T =-P +2 ulau +ulau + 2 uat-u;,} Su _‘,Bv
Bx* Bx* 3 Bx* By*
1 3 t =% =% BN
+ (w2’ - ul") FB L F ) “
. * *
ax oy
1 t ¥ =¥
SR L. W - > (15)
ay* Bx* : By* Bx*
*1 *t ¥ o * 1T 2 AU au*' av*-’
Tyy = -DP + 21 Wy " +|J-1—-;- + — Ko ~ |J-1> T-i— *'
dy oy 3 ox oy
' ' =L Ne® .
s(ue ') BLFE
& ¥y , ' J

Further, this investigation will be restricted to flows which are
parallel or nearly parallel. By nearly parallel flows is meent flows
where the boundary-layer approximetion ls appliceble. Thus, If the main
flow 18 nsarly parallel to the x¥-axls, ’ ’

- - -
V<@, _@9,; <<_3_g_*_ _ (16)
ox Sy
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(Relations of this type, of course, doc not hold for the d.isturba.nceé.)
By considering only a local region, say around x* = x*,, and introduc-
ing the boundary-leyer approximation, the flow is regarded as essen-
tlally parallel, with every mean quantlity Q evaluated at X* = X¥5.

) Thus, for parallel or nearly parallel flows, the differsntial equations )
of disturbance do not contaln =x¥ &nd *T* explicltly and an attenpt
may be mads to find solutions of the type o

-k

*0 % ® * '* * 'cc*(x*-c*t*) L
Q (xsys:t ) =q (¥ )e” (17)

- Indeed, every quantity will be reduced . to a dimensionless form in
accordance with the scheme limted (List of Symbols); for exampls,

") = wly), W = p(y)eiw(x-et) (18)

For 'bhe pregent, the a.d.d.itiona.l restriction of uniform free stream _
veloclty D.o, temperature To, and so forith, will be retained. Then the —
£insl dimensionless .and linearized equatlions for the amplitudes 6f small
disturbances in & parallel or nearly parallel main flow are as follows:

ap i(w-c)f+w'cp} = . tom f”_,,mz(i(pr_ Qf)}

- 7M2R

» u - u - . . -- ~-—
+ 2 .E_—--——l- o {-f + ici)'} : R
3 R L L
’ +%{mlw' teomd owt o+ pi(f! + 1a2cp)} ) -(ig)

13 . | L _
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Ty _
c(,ap {i(w - c)cp} = .__{2_'_ - X + _l___ (QQP” - 1f’ - CLECD} R
7M2 Fz R 1 .

Bz - U
+3§ {q)”+if'}

3 R
E %—{imLW' + Eu:._cp' + %(uz - ) (o + if)}- (20)
i(w - c)r+ p(e '+ if) + p'p =='0 - (21) :
ap {1(W - 0)o 4 T"fp} = -a(y - L)eB(p' + if) - T e

4 ul a T 1 1 1
+ — {ul(a - a®0) + (mT ) + u® }
- .

Ro o
- 2 - A ——
+ 7 (v = 1) M2 {mlw' + 2#1?7'(33' + .:ch?q))}- o (22) )
6 ' N
.E =-£ b - (23)
r o T S -

The following two dimensionless aquations for mean quantities should
also be noted:

Equation of state,

‘p = pT | - _ (-2;1}_)-" ]

ik
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Equation of statlic pressure gradient across the boundary lsyer,

t M2
P = Z_._ P (25)

FE

In all these equations, and in all subsequent equations, a dash denotes
differentiation with respect to the dimensionless variable y, and
should not ‘be connected with the 1dea of & fluctuatlion. For example,

, G dmy a7
My = — = — — (26)

&y 4T &y

while the fluctuetion m; 1is given by

my =0 % S - (27)

Note that in (18) a characteristic velocity has been used as the
reference varieble. This stresses the role of the inertial forces. In-
deed, the simultaneous comparison of the insrtis forces with pressure
" and grevitation, as embodied in the Mach number

-
M= 20
*

C
s

and the Froude numbex
. LY

P e

Ve -

15
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makes it difficult to consider the limit of smell inertilal forces

ﬁé —~—» 0, PFor in such a limiting case, the phenomenon is essentilally

governed by pressure and gravitational forces, which both become in-

finitely large compared with the reference inertial force. In aero-

dynamical problems, however, this limiting case is not of importance. T

Mathematically spesking, a singularity is brought into (20) if the
neighborhood of F = 0 1s considered. Thus, it is possible to study
only the case of & small Mach numbser. The limit of venishing Mach num-
ber and vanishing Froude number can be considered only when » = 0.
These statements will become clearer after reading the detailed discus-
sions in sectlon 3.

To study the case of an extremely large Mach number, on the other
hand, it would be more convenient to use the stagnation or "rest" val-
ues of pressure, density, and temperature as characteristic measures,
" rather than the free stream values. -

2, Analybtical Nature of the System of Equations
of Disturbance end Its Solutions

The system of equations of disturbance (19) to (23) consists of .
five linear equations in the five variables f, 9, @, r, 6, with p,
p, T, w supposedly known from the steady-state solutions. Before
epplying this system to any definite problem, it is necessary to know
clearly its analytical nature; for example, the number of sets of lins
early indspendent solutions it possesses must be known. It is also
desirable to know the general analyticel nature of the solubtions in
the variable y and in the paramsters M2, F2, R, o, and ¢. In all
these discussions of analytical nature, both the varlable y and the
parameters will be regarded as compleX. ) S

To settle these questions, it is convenlent to choose a number of

new variables Zi, . . ., Zn and rewrite the system into the form
n
aZ4, : . e e
—_— Aty () 2y (1=1,2, ... n) (28)
‘d.y J=l - P

vhere A1j are Mmown functions of y. Since (19), (20), and (22)
involve the second derivatives of £, ®, and 6, 1t seems desirable

.

16 - o
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to choose the mix dependent variables as £, o, @, f',' cp', e'. In

this way, the equations can be set equivalent to six equations of “the
type (285, if r end x are supposedly solved algebralcally from (21)
end (23). It is seen, therefore, that the system of five equations (19)
to (23) is actually equivalent to six homogeneous linear differential
equations of the first order, and there are six linearly independent
solutions,

However, this choice of the dependent variables is not satlefac-
tory. It leads at once to the suspicion that the solutlons have
singularities at the point where w = c. TFor, in solving for r Ifrom
(21) a singularity is introduced into the cosfficients A, J(y) of the

system (28). Physically, the solutions cannot have such a singularity
for real values of y. Hence, it is necessary that such a singularity
be only appasrent. Indesd, this can be shown to be true by a new cholce
of the dependent variables,

To be more preciees, let it be assumed that the lmown fu:;ction_s- w,

1
P, p, T are analytic functions of y and of the parameiers Mz, ;
These functions mey he regarded as independent of the Reynolds number
R, when the characterigtic length 1 is properly chossu. This assump-
tion is related to the boundery-leyer approximation, and is therefore
accurate up to the same order, For example, for the Blaslus profile, it

is accurate up to the order of (RS)-l/Z, & being the thickness of the
boundery layer.

Now choose the system of dependent varlables

2y =¥, Zp = £1, Zg = @
(29)
Zy = 2 Zg = 0, Zg = O J
i
Then, at once,

azy
—_—= Zp ~-—(30)
dy

7
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. 8% i .
= Zg ©(31)
dy
The equation (23) becomes
r = g M2z, - 2 2g (32)

which makes 1t possible to eliminate the variable r wlthout increasing
the order of the differentiasl eguations and without intro@uoing any
singularity. Then from (19), (21), and (23), solve for Z p, 2's, znd
Z6 , which, when reduced with the help of (30) to (32) are equations

of the type (28) with AiJ(y) regular in both y ard the parameters.

The equation for 2Zg; is . ) o _ -

%3—=-izl-§—@—i(W-C)1 Z4+"2'-.-,jL | _(33)

but the other two squations are too lengthy to be written out exp1101tly
They are of the following general nature:

iz & , o o
E-y-i == [i(w -0)Z1 + W zs] + 124} + 0(1) B (34)

%?’3 . IR {7p [i(w - ¢)Zg + T'zs:l

YRy B
- (7 - l)[p'ZS - 1w - c)Mazé] } + 0(1) (35)
where O(1) denotes a linear function of Zi, . . . , Zg which is of the

order of unity in the parameter R and is regular in the parameter M.
18
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- ]
The differential equation for 2 , must be obtalned from (20) in a

slightly different memmer. It is necessary firet to eliminate ¢ by
using (33) and then solve for =«' = MaZ‘;. There is obtained

az i 2, - 1
—* = {l + M = 2 (pg 4 ou )= T
dy - R 3 b

[ -1 (B2, -2 Zg)- talv - o)es + 2o(2) (36)
L F2 P T - . R

J

where O(1) has the same general meaning a&s before. It is moted that the
last step is the only division involved in this procese ¢f elimination.
Thus, uniess

1+ yM® I"—:-q‘-—g—(u2+2u1) w;c =0 (37

(which is not possible for |R| >>1), the system of differentlial equa~
tione (30) to (36) is regular in y and in the parameters. But since
the regularity breaks down for infinite R and for R satisfying (37),
any expansion of the sclution as & power series in R must be in the

form of Iaurent series. In the parameters —Fj-'-z- and M®, the coeffi-

cients are entire func'tions; in the paramsters o and c, 'bhey are Lo

analytic in a reglon including the origin.

From the general existence proof of the solutions of linear di.ffer-
ential equations by meens of successive approximations, it is clear that
these properties of the coefficlents persist in the solutions. Thet is,

there exists a fundamental system of gix solutions Zi(y; ME, :I./:E'2 ’

R, a, ¢) (1 =1, 2, 3, L4, 5, 6) which are analytic functions of
¥ and of the parameters. . . : e

Now consider a few limiting cases: (1) M —>0, (2) 1/F2—0,
(3) R-—>o. As discussed at the end of section 2, if MZ—>0 by

v 19
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meking the velocity ﬁ: —> 0, then F® and R ‘approach zero at the
same time. This is certainly not what the authors wish to discuss., Rath-
er, they are thinking of the solutions Z; as expanded in power

series of the pareameters, sey,

v i .. L.
¢] .
Zy <.V§ MZ, —:!:'*: R, a, °> = Z(i ) <5’5 '-l*: R, @, c>
F2 | F2
R MZZ:(Ll)(y; L B (38)

and retalning only the zeroth order term as an approximation. This
process is valid so long as M? 1s sufficiently small compared with

unity, while both F2 and R are of their usual megnitudes (namsly,
much larger than unity). For convenience, the methemstical process
M2 —> O 'will still be preserved. But this must not be confused wi'bh

any physlcal requlrement that uo —3> 0 or & 0-—-—> ‘w, the latter

being in contradiction with the equation of state.. The limiting case
R —> « is an asymptotic approximation and will be dealt with more

carefully below. I

Case (1) M2 —> 0, With the rela.tion (24) in mind, the equa.tions
(29) to (23) become (w = x/yMR) -

ba ¢ 4
ap ¢i(w -~ ¢)f + w'cp} = law +—< £ + aZ(10 - 2f)
' R

2 Ha - p'l -f + 1o }aa +_‘__{mlw + mlw +* l-'-l(f + 1dv2q))} (39)
3 R

. 20
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2100 " . - " 1
or,pgri(w- c)\=-w' WX . - \rch - 1f' - a2q>1+—?-q'u‘rq> +if}
- f F2 R L J 3. ®» U

+“§",rim;w' +oue' + S (w2 - )@ ¥ if)} (40}

" . R —

14

1(w - c)r + ple@' + 1) + p'lp =0

ap {i(w - c)8 + T'cp} = -a(y-1)pT(p' + 1f.‘)

-

{ul(e"' - a20) + (ml‘l")' + p;.'_e'} ' ... {h2)

Ro,, \ . .

0=

°lw

The fact thet equation (25) reduces to p' = 0 indicates that the grav-
itational forge is important in these problems only insofar as the

buoyancy corresponding to density fluctuations is concerned and not in
comnection with the determination of mean density distribution.

This set of eguations (39) to (43) is different from thoi used by
Schlichting (reference T), who neglected temperature variations but in-

cluded density variations. In his case, (42) yilelds the conditlon of
incompressibility

@' + if = O (h2a)

and (L4l) becomes

1w -c)e+p@=0 (hla_? .

21
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He also made certain other minor reductions in (39) and (40). The Jus-
tificatior of Schlichting's assumptlons is not obvious, Also, his
complete equation of disturbance (equation (11), p. 319, reference T)
has a singularity at the point where the phase velocity is equal to the
mean veloclity of the flow. This gives rise to multiple~valued solutions,
to which 1t 1s difficult to assign & proper physical interpretation.

Reduction to the eguation of Orr end Sommerfeld for an homogeneous
incompressible fluld.- This slmple case 1s obtalned from the limiting
cage of zero Mach number with the additional requirements that the moen
Pressure, mean tempsrvature, and mean density are constents. These ¢on-
ditions can hold only in the case where there is no conduction of heat
across the boundarles. Otherwlise, there must be a finite tomperature
gradient at the boundary. When p, p T are conetants, indeed
Pp=p=T=1; then the equations (hls to (43) give , -

1w -~ c)r + (_‘P|+ if) = 0 . (1)
id.(w '.0)6 - _I_‘l_ P-lo(e-;‘ - G‘EQ) — o~ (Lg) L .

00 . . N R

Multiplying (46) by ©, adding the corresponding complex conjugate, and
1ntegrating between the boundaries elong the real axls of the y-plans
gives ' _ -

.y T2 . : y? . . - o

3 N
-2/ lo'Fay - 2(az + aRUoci/ulo)/ lef%ay = o ST 2 TR
) Ji : 2 ¥y N "'_‘_

f the boundary conditions ars ! =0 at botk houndar*eﬂ. Thue_ the o =
ﬂOTuLion of (46) is no% idSnUWCfllb zera only when i [ e

Gi S - Cq.llo/C'OR . . (1“7)

22
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Thus, if the main interest is in the limlt of etability (ci changing

sign), only the solution € = O need be considered, Then xr =0 by
(b5), and the equation (44) reduces %o

' +if =0 - (4ha)

The equations (19) and (20) then become

l 1!
ia{w - c)f + aw'Q = ~iaw + — (£ - «2f)
R

(18)

162(v - o) = - +—;-(<p" - of9)

Eliminating @ from these equations and then substitubtling 'f from
(4ka), the equation of Orr and Sommerfeld is obfained.

Case (2) F2 —» ». In this case, all the equations (19) to (25)

remain unaltered, except that the terms in 1/F® should be dropped from
(20) and (25). This is the case which will be discussed more in detail.

Case (3} R —> o, In this case, the equations (19) to (23) become

P {i('w -c)f + w'cp} = -ji; (49)
0 (icr?(w - c)(pl = --i—‘ - (50)
. - ™M B2
i(w~-clr+ p(o + 1f) + p'@p =0 (51)
23
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o{1tw - ) 0+ g = - - 2)oT(" 4 210 - (52)
P p .7 o -

The equations (24), (25) remain unchanged., It is to be noticed that the
orders of the differentisl equations are reduced. This ig consistent
wlth the fact that the solutions have an essential singularity at

R = o. o B

After the oliminmation of £, =, r, 6, <+the final differential _ _
equation for ¢ reads : - T =

vhere L (¢) is a linsar expression in @ involviné o' and @.

The boundary-value problems.- For a given physical problem, there .
are usually assoclated certain boundery conditions on the disturbance. ' o=
For example, for flow between fixed parallel plates, the velocity dis-
turbances must vanish at these pletes, Also, 1f these plates ave
insulators, the temperature gradient must be zero. In general, there-
fore, it may be expected that eix boundsry ‘conditions will be satisfied.
Since there are pix homogeneous linear differential equations in six
variebles, there is & characteristic-value problem if the boundary con-
daitions are also homogenecus. Let

1 . Y . .
Zi=213<yi MQ,F, R, a, c), 1, J=1, 2, ..., 6 (59

‘represent & complete system of gix sclutions, and let ‘the boundary C
conditions be ' ' T

ol .
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kazl, Zoy o o o zs}=o at Y= k=1, 2, ..., 6 (56)

where Ly 1s & homogeneous linear function, Then 1f the solution is

.6

2y = z B425 4(3) 1=1, 2, ..., 6 (5T}
& _ _
there results
° \
Y AJLK':[ZlJ(Yk)’ 229165 PR 'Zsj(yk)} = 0
j=1 s
' (58)
l k=1, 2, ..., 6 )
W,
Hence, there follows the secular equation
1
LJk(Mz, ’ R, Qy C) = 0 (59)
wvhere
(2250, Zas 1 )
Lyk= I lZlJ(yk): sz(yk), . .. ZaJ(yk)j’
> (60)
J: k = l) 2, o s s 6 :
If equation (59) can be soived. for c¢, there results <

25
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c=ofa w, 2, _;_2_> | (6

For real values of &, R, M® end 1/F®, it is convenlent to split
(61) into its real and imaginary parts, :

6 = op(ls B, M, %} (6
oy = ci@, R, M2, _32..> (63)_ B

The conditlon cgy = O giveg the 1limit of stebllity.

For incompressible fluids without the offect of gravity, plot the
curve ci(e,R) = 0 in the o~R plene.. Here, it has to be done for &
series of values of M2 and 1/F°. ,

Continuous characteristic values.- In case one of the conditions
(56) is absent (cf. the case of "supersonic disturbances”in a boundary
layer, sec. 5), no such relation as (61) existe, and a solution satlsfy-
ing the remaining five boundary conditions (and certain other conditions
of boundedness) can always be found. ‘This is the case of "continuous
characteristic values." The physical significance of such solutions
will be discussed as the case turns up.

3. Solution of the System of Differential Equations
.by Method of Successive Approximations

The exact solution of the system of differential equations (19) to
(23) or rather (30), (31), and (33) to (36) is almost impossible. With
the appearance of the small parameter l/dR 1t seems desirable to use
the method of successive approximations. The general plan of solution
will be exaectly the seme as in the case of an incompressible fluid (ref-
erence 1). Two methods of solution are possible, the first using con-
vergent series and the second using asymptotic series,

26
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(1) Solution by means of convergent series.- In the first method,

introduce the parameter
-l
¢ = (oR) 3

end the new variable

n=(y - Yc)/e where w(yc) = C

The equations (30), (31), and (33) to (36) then take the following forms:

a7y

— 62'2

dn

az

5

— =eg

dq
az ' M2 1
_°= -ieZ; - ?_ €%z - de(w - o)(____ Z, +___Z5}
dn P P T
az
-2 “"."92'-" fp [i(w - C)Zy + w'Z:,,‘l + 1Zﬂ + €0(1)
dn € i.ll!- - .

a7

(64)

(65)

- (66)

(67)

(68)

(69)
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dZs 22 [ , '

= o | 1w - c)Z 4 +T Zb]

dn ?:t;_\ ° ' .
Sy n gt - o ] 1+ o (1)

e < , .

2, - * ‘rf MPZq .J_zs}- 16f(w - ¢)Z; + ac®0(1) )
S ¢ _F\P 2‘1'T2 — S (71)
dn 1+ ic%e *_3_(112 + 21-’-1)——-5—-—-—« ™

The average quantities w, p, T, and so forth, are to be regarded as
expaaded in Taylor's seriss in the neighborhood of w = c¢; thus,

1
w-c::'W’c(En)+ (€n)2+..-,

e

y . (T2)

P = pc + pé(eﬂ) + s e ] etc- -

(In general, amttach the subscript c¢ %o denote quantities at the criti-
cal layer where w = c.) The coefficients of the system of equations
(66) to (73) are therefore cohvergent power series in ¢ so0 long as the
pover series (72) are convergent and thie condition (37) is not violated.
An attempt ¢an then also be made to obtain a fundamental system of solu-
tions as power serles of e A consultation of equations (66) to (71)
shows that the solutions should be of the following forms:
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73 = 2O0(n) #exm) + L L
€22 =380 (m) +exE ) + . ..
2y = 200 (n) 5 ex ) + . L .

o) | . ? ©{13)

74 =X (1) +€X£l)('q) oo

7= %) (n) + exa(n) + . . .

(1)

€ Zg= X(o)(n) +eXg () + . . .

-

Now, substitute equation (73) in equatioms (66) to (71l) and compare the
coefflicients of different powers of ¢. The initial approximation gives

(o)
i ylo) ()
dn
dx(o) (o)
R = Xﬁ (75)
dn
(o) |
T (76)
dn
o) .
axd = Pg W¢(inJ(_O) + x§°)) + 2 x{o) (77)
dn Hig Hic
v {0) -
dy.s - Ucpc t (o) t Q) 7 = l (o) 1
—-dq _—-ulc {iWcT]Xs + Tcx‘(a wC X J (78)
(o)
&i | 1 0g ylo) '
= = Xg . (79)
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Dropping the superscript zero and recalling the definitions (29) and
(73) gives, to the initial approximation,

£=X(n), ®=cZs(n), 6 =%s(n), == XKln) (80)

which satisfy the equations

t
3.
@fy twe T . _ 1y (81)
dn3 Vic dn  F2vu1cT,

t .
azx iWeOe . oo ¢ - 1 pa _
%5 . el g3 = Ze C_Z__..Es)xs 82)
dn2 Vig Vic y Bg _

s R -(83)

where v, 1s the kinematic viscosity coefficient Hl/P, and o 1is
the Prandtl number.

The higher approximations give nonhomogeneous equations, which are
t00 complicated to be written out in detail. Tiae ho o§eneous parts of
tgo?e equations are the same as (T4) to (79) with iﬁ? replaced by
4™ (1 =1,2, . . .,6). The inhomogenedus part consists of functions
of lower orders and is therefore known. Thus,'if the equations (74) to
(79) can be solved, these equations for higher aprroximations can all
be solved by means of guadratures.

If Xg is eliminated from (8l) by means of (82) and (83), a
differential equation of the sixth order is obtained for X, which
will give six independent solutions: The corresponding function X
and X, can then be obtained from (83) and (82). This is fairly com-
plicated; fortunstely, the case where the Froude number is very large
ig of interest. Thus, as an initial approximayion, (81) mey be re-
duced to

’ t . ) C e e :
dn? Vic dn

the solutions of which are

-3

30
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where

t \: /3 ¢
. ( UlC) E ' (86)

Apparently, three sgolutions are missing. These cen be supplied by
X,4=0, X,5=0, X,4=0 (87)

The reason these solutions are not trivial will be clear when the cor-
responding functions X, and Xz are worked out below.

From (83), it 1s clear that the functions X; corresponding to
(85) are

1/ 2 )
Xy = - 1 (3 >3{g/nm HEE Y -/Hﬁl}s B

o= - 10 ( j"f ¢ /’ §§3, (1;>?Jgaa: EAE (1;)§];§'ac}><88)
i 1 -
= - id <1’1c>—-5 ¢ . ]
The functions X, corresponding to (87) are
Xza=1, X5 =0, Xssn= Y : (89)

Corresponding to each function Xz, there are two particular
integrals X5 obtainable from (82). These are expressibls in quadra-
tures involving Hankel functions, for the left-hand side of (82) has
the solutions

- Fall 3 a0Pe) 1o -3 L[E w03 | (o0)

Indeed, the sets of functions (X5, Xzg Xgg)s (Rygs Xpgs Xgg) form
two sets of solutioms of (81) to (83), and it now beccmes clear that
(87) is not trivial.
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Next, the asymptotic solutions will be studied, and the convergent
solutions will be discussed later when the boundary conditions are con-
gidered.

(2) Solution by mesns of asymptotic series.- Analogous to the in-

compressible ¢ase, two asymptotic solutions are obtained by the most
naive method of expanding the solutions in powers of (aR)=1. In the
present case, the initial epproximation gives the inviscid equation (5k4),
which is of the second order. The equations for successive higher ap-
proximations are inhomogensous; ‘the homogeneous part is of the same form
as (54), while the inhomogeneous part is related to functions of lower
orders. Hence, the integration of all the differential equations can be
done in terms of quadretures, as soon as (54) 1s solved.

Four other asymptotic solutions are obtained by putting

Zi = T4 exp{(aR)é/é d.v} (91)
in (30) to (36), where | T
1
£y = 20 & e @) B L L, 1=1,3,k 5
1 i (52)
e = 287 @) %4 28 4 P Ee ..., 1= 2,6

while g is independent of (aR). The initial approximations are

J
1 e
(%y)25524,%8) = (1,0,0,0) ex {t(m)?f [T o) a
. S

(93)
' ¥
(2ese) = (@ (=[2G - ), 0) om (2] [ - o)ey)
~ -..yc
¥ h
L .
(22,22 ,20) = (0,0,0,0) o 2@ | [ (v - ) e}
) Yo e
1 = 1 J
(Z2yZg) = (R)2(0,= [ig(w - c) )exp ri(ch)“?J/1 /%% - o)y
6 ( v, ) v, - vy .}J
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Tach of these sets contains two solutions. From these expressions, 1t
appears that the solutions are mulbiple-valued. Actually, they are valid
only for certain regions of the complex plane determined by comparing
them with the asymptotic expansions of the convergent solutions (85) to
(90). Analogous to the incompressible cese, the asymptotic expressions
hold when (of. equation (5.4) of reference 1)

-

-T<arg (0< 5, et - T o<arg (todM<f ¢ (95)

simnltaneously. If ¢ is very close to a real number, this means that
the expressions (93), (94) represent solutions in a connected region
which containg at least a substantial portion of the real axis. This

- fact will be seen to be of significance in discussing the boundary-value
problems. -

Similer considerations hold for the solutions of the invigecld equa-
tions. These solutions appear to possess a logarithmic singulerity at
the point w = ¢. As in the incompressible case, the asymptotic expan-
silons of the convergent solutions bring these solutions Iinto correspond-
ence with X;, end X;,, and the restrictions (95) explain this sppar-
ently multiple-~valued nature of the solutions.

Anslogous to the incompressible case, there are points on the real
axls where the asymptotic solutions feil in the case of damped dis-

turbances. These are interpreted as "inner viscous layers," where the

effect of viscosity is not negligible no matter how large the Reynolds
number ls. Considering ths conditions (95), it is seen that there are,

in general, four of them. For the lines
’ .

arg (£) = - 16’-‘, arg (t) =’é o
arg (§0‘c1/3) = - Zslt: arg ({oc*°) =g- o

intersect the real axis in four pointe, if o i not a constant and
¢i < 0. These are the points where the inviscid solutions fail. The
four points reduce to the single point y, when c¢ 1s real, and there
is no intersection when c¢3 > O, Hence, the four inmer viscous'layers

coalesce into one in the case of neutral disturbances and disgppear
completely for self-excited disturbances. The significance of these re-
sults for the studieg in part ITI is also, eimilar to that in the incom-
pressible case. :
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k, Boundary-Value Problems

Having obtained the solutions in convergent series of ¢ and in
asymptotic series, the boundary-value problems discussed briefly in sec-
tion 3 will now be enlarged upon. The physical requirements give rise to
certain mathematical conditions on the real axis of the complex y-plane.
In general, the boundary conditions .for the velocity disturbances are
independent of the temperature disturbances. For exsmple, for flow in a
chamnel with walls at y, and yz, the boundary conditions

£{y1) = 0(y1) = £(y3) = 9(5z)= 0 (96)

must be &&tisfied whatever the conditions on the temperature disturb-
ances may be. Thege conditions are identlcally satisfled by the solu-
tions X415 and Xjig, to the proper degree of epproximation. Thus, the
quantities Lgjx defined by (60) vanish if J = 5,6 and k = 1,2,3,4
(say). Hence, condition (59) reduces to ‘

[Ty =0, = 1,230 (om

The characteristic-value problem therefore does not explicitly depend on
the temperature disturbances in the initial approximaetion. Indeed, after
‘the temperature disturbence corresponding to the characteristic oscilla-
tions has been determined, it is always possible to satisfy the boundary
conditions for the temperature disturbances by including a suitable lin-
ear combination of the solutions Xgz5 and X;5. The corresponding ve-
locity disturbances ave ldentically zero and will therefore not interfere -
with the boundary condltions imposed upon Xgg and Xgg. Such a situa-
tion is in general tke case. The characteristic-value problem therefore
becomes very similar to that in the case of the incompresaible fluid.

Two inviscid solutions ' P,,, are derived from (54) and two viscous
solutions from (85) and %éé - SR

3’ J/;H/) s (2 ) (ig):s/a-J g1/2 at | : )
- o\

3 3
®s,4 = -1 "f t f (11/);(2_)[2<i:)a]§ at - (1133(2)[2(1@'5]@%;}

J

As expleined in the last section, the asymptotic solutions hold in &
connected region containing most points of the real axls except a
neighborhood of the point y.. Thus, there will be no difficulty in

using the solutions fy,5, ©,,, for the discussion of boundary-value
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problems. The path leading from one boundary point to another lies es-
sentially in the lower half plane.

Now, let these remults be epplied to the case of the boundary layer.

Begin by making a careful investigation of the boundary conditions, At
the wall the corditions £ = @ = 0 hold. However, I may be replaced
by a linear combingtion of ¢ and @'. In the cage of the viscous so-
lutions, q):5 4t 1f3,4=0, 80 that f, .= icps 4+ FYor the inviscid so-

lutions, the rela:bion

Tm;_’a - MZ(W - G)W"(pl,a

f:I..-2 =1 f[\ - M2(W - 0)2 (99)
holds (equations (49) to (53)). At the wall, w =0, and
t 2t
T + Mwy o :
1,5 = 1912 19 91,2 . - (998))

i
Tl-Mzcz

Thus, the c'.ond.1 tion thet f vanisghes at 'bhe wa.ll mey be veplaced by the
condition that a linsar combination of cpl, 2 ,cps a8nd Q1,2 vanishes.

Analogous to the incompressible case (cf. equation (6.8) of refer-
ence 1), the condition of boundedness at infinity rules out the solutions

£, end @ . It is convenient to take the lower limit of integration in

f; end @z at +x Then, these solutions vanish repldly as ¥ —>w.
Thus, for y > 1, the inviecid solutions dominate. In the incompress-

ible case, the inviscid sciutions behuave like e Q‘V The condition of

boundedness therefore .lesds to ¢ ~ e %W, This is conveniently express-

ible as

]
%+a—?0-as J —> o (100)

In the present case, & corresponding condition must be established.
However, the situation turns out to be more complicated. Consider the

equation
4t (w - clot - g?(w -¢) w= 0
artL 7 - M3(w - c)2 ?= (202)

obtained from (54) by dropping the term in f?-z As will be discussed

more in detail in part II, the behavior of the solutions as §y —> o
1g given by
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9~o ", 12 B=a = a/I-FE - 70 (102)

where PB 1is uniquely determined if a cut is drawn along the negative

real axis of the complex (}-plane.

Then, it 1s clear that the real part

of B 1is always positive if () 1is.not on the cut, and hence the solu-
tion ¢ ~ o*PY met be rejected. Thus, there results the condition

(v}

This reduces to the incompressible case iIf M = O,

cut (c =Cp <1 - L‘%}, the  situation is more complicated.

.1'+B-¢O as

Yy —» o™

(203)°

If 3 lies on the
The situation

will become clearer only gfter a thorough investigation of the inviscid

problem (sec. T).

Except in the case 1 -

P11

M@ - )

< o,

+

Doz

1 . ot
Ti@yy + Mowy ey Tidoy + MWy cozy ¢

the characteristic-value
problem is therefore almost the same as that in the incompressible fluid.
The characteristic values are given by the determinantal relation

Pz}’

Ty - MZ%2

%
P12 + PPz

where @; and ¢- &are any two linear independent solutions of (101),and

P13 = @1(y3)

Ty - Macz

' .
Pz + BPaz

’ Qij = ¢i(YJ):

31

0

i, = 1,2

(10k)

Y= Dbeing the coordinate of the "edge" of the boundary layer. Strictly

epeaking, the value +» sghould be substituted for ya.

However, for

Y > Y2, +%he solution of (101) is practically identical with By,
Thas, 1t is a good spproximation to impose equation (103) for y = ya,
Naturally, the larger the thickmess of the boundary layer is taken, the

better is the approximation.

The d.e'berminantal equation may be written in the form

E(a,c,M?)

36
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where F(z) is the function of Tietjens (reference 11) -

-2

F(z) =1 +'/' ) E(ig)é] g"}/ z/ al%, [g(ig)é’r];ﬁ at (106)
: Jo ..

+
with

1
1/3 .
oz = - 5%) n, (207)

N1 being the velue of n at y = y;, the solid boundary. The function
E(a,c,M?) depends only on the inviscid solutions , and is given by

1
TJ.CPJ'.J. + MZwie@ry ¢

1 .
5 Q11 P12 + Bz . Ty - M202 Q12 + BP12
(y1 - ¥c)E(a,c,M") = ' Tlcpé,_ + MPwicay
Pzy P2z + BP22 T, - M%c2 T2z + BP2z
; - (108}

The manner in which the viscosity coefficient enters the final equa-
tion (106) is noteworthy. As compared with the incompressible cass, it
amounts only to a change of the definition of 2. By referring to (106),
(64), and (65), it is seen that this emounts to the replacement of R by
R/vlc. Thip means that the Reynolds number defined in terms of the free
stream velocity and the kinematic viscosity coefficient at the critical
layer (instead of that in the free stream) is the quantity governing sta-
bility phenomene.. This point must be kept in mind whenever it is neces-
sary to compare & case of homogeneous temperaturs with a cass of inhomo-
geneous temperature. Greater detail will be given in discussing the
stability problem in a real fluid (pt. III). .

In the case 1 - M2(l -¢c) < 0, it is possible, of course, also to
impose the boundary condition (103), with £ imeginary. The same equa-
tion (108) holds. But the general discussion of the physical signifi-
cance of the solutions is more complicated. It will be discussed more in
detail in part II. -~ ' ’ .

The invigcid case. In the limit of infinite Reynolds number, the
the relation (106) becomes

'
P11 Piz + BPiz

n
(@]

E(a,c,M®) = 0, or (109)

H
P21 P2z + BPaz |
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Thig corresponds to a solution of (101) with the boundary .conditioneg

P(yi) =0, o' (y2) + Be(yz) =0 (110)

Consideration of this boundaxry problem gives the asymptotic behavior of
the relation (61) in the form

¢ = cla,M?) (111)
This will be discussed fully in the next pars.
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II - STABILITY IN AN INVISCID FLUID

5. General Considerations

It has been shown that, In the limit of infinite Reynolds numbers,
the problem can be treated with viscoslty nsglected, provided proper care
be given to the inviscid solutipns. Such investigetions will naturally
give some information to the stability problem in a viscous and conductive
fluid. Indeed, the complete calculation of characteristic values, in par-
ticular, of the limit of stablility, can be carried out, once the inviscig
solutions are known. It is therefore advantageous to gtudy the inviscid
case as & prelude to the actual case, with the expectation that certain
important cheracteristics mey be obtained. -

However, it must be noted that the results obtained in this case can-
not be apvl.ed directly to the viscous case without modification, Thus, if
only steble (damped and neutral) disturbances can exist for & given flow in
an inviscid fluid, it cannot be ¢oncluded that unstable disturbances cannot
exist under the action of viscosity. However, 1f unstable disturbances ex
ist in the inviscid case, ths flow wiil etill ve ‘unstable when viscosity is
taken into account. Far if the continuous dependence of c¢3 on R is con-
sldered, it is evident that ¢3; cannot remain less than or equal to zero

for all finite values of R and still become positive ag R becqmes infi-
nite.

This investigation will begin with a careful study of the analytical .
naturé of the solutions, especially for y becoming infinite. It is
found that the dlsturbance there takes the form of progressive waves oub-
glde the boundary layer. For more detalled discussions of their properties,
it is found ccnvenient to classify the disturbances as "subsonic," "sonic,"
or “"supersonic"” when the x-component of the phase velocity of the disturb-
ance relative to the free-stream veloclty is less than, equal to, or
greater then the mean speed of sound in the free stream.

The amplitudes of these waves go to zeroc as an exponential function of
the distance from the solid boundary, except in the case of neutral super-
sonic disturbances. To an observer moving with the velocity of the free
etream, the waves are propagating opposite to his direction of motion for
neutral subsonic disturbances. For a genersl disturbance, the direction
of propagation is inclined outward If the wave is amplified and inward if
it i1s damped. For the neutral supersgonic disturbances, there may exist
both en incident wave and a reflected wave with (in general) non-vanishing
amplitudes at infinity.

-Analogous to the Iincompressible case, an attempt is made to establish
necessary and sufficient conditions for the exlatence of certain types of
disturbance. But a consideration of energy relations is found to be ex-
tremely helpful. This is carried out in section 8.

In the case of neutral or slightly noﬁéﬁeutral subsonic disturbances,
the physical sijuation for the compressible fluid muet be quite similar to
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the situation in the limlting case of an incompressible fluid. There-
fore, it should be possible to obtain a gensral criterion for the exiat-
ence of slightly amplified subsonic inviscid disturbances, analogous to
the Rayleigh-Tollmien criterion for en incompressible fluid (sec. Sb).
After such a criterion is developed, mean velocity-temperature profiles
could be readlly classified according to their relative. stability at very
large Reoynolds numbers, and the effects of the ccmpressibility and con-
ductivity of a gas on the stebility of laminar boundary leyer flow can
be evaluated (eec. 1l). .

In the case of nsutral supersonic disturbences, both lncoming and
outgoing waves may exist, with the amplitudes of the incident and re-
flected waves unequal in general. ZExcept in the particular case of a
pure neutral outgoing or incoming wave, there is therefors no chearacter-
istic-value problem; or rather, the characteristic values are contlnuous,
and not discrste. By utilizing the results of the investigation of the
energy balance for a neutral inviscid disturbance (sec. 8) a general ex-
pression will be obtained for the ratio of the energy carried out of the
boundary layer by the reflected wave to the energy brought into the
boundary layer by the incident wave (sec. 10). With the aid of this ex-
pression for the "reflectivity," at least a necessary condition for the
?xistence)a of & pure neutral ocutgoing or incoming wave canp be determined

sec. 10j, —

6. The Equation of Inviscid Disturbance and the Analytical Nature of
the Inviscid Solutions -
In the limiting case of infinite Reynolds pumber and infinite

Froude number, the disturbance equation for ¢ reduces to the follow-
ing linear differential equation of the second order (of. (101)}:

e { ("‘°)‘P"""q’} - 2l2) o - o)
ay T-M2(w—c )2 T _
or, in the gelf-asdjoint form,
a gz, ao R - (113)
Cs) -@rp)e-°
where -
¢ (v) ={ T—Mz(w—-c)a}—1 aly) = ‘-;_3-:0— d—%‘_—(g g_;_r' (21%)
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There is also the relation

o _ @ {(relotate |y, 9 + 17 (115)
2 T M2 (w0)2) w—
The secohd part of the last equation may also be written as
! My (w—c
fziTcp (volo - (116)

T2 (—c)

Since the coefficients of the differential equation (112) are entire
functions of the parameter o2, the two particular integrals @1 and' ¢z
of this equatlion must also be entire functions of «2. Series develop—-
mente of ¢; and @z in powers of a2 are thersfore uniformly con-
vergent for any finite region of «, for a fixed value of y, except
vhen y is a singular point of the differentlal equation.t

If the series development @ = q>(°) + a,ztp(l) + a4CP(2)+ . . . 1is

substituted into (112) , ‘two particular integrals @1 and ¢z are ¢btained
by succeeslve guadratures.

o1 (v; 82, o, M) = (w<) Z ey, o, M) @)
Ls | I
9z (73 @2, o, MB) = (w—) Z &®cona (7, o, M) (118)
A
where
J 2
hen(y; c, M°) = f -MZ} f (v
- (w-c) T
X han-2(y; ¢, MF)dy (119)
ho {73 ¢, M3) =

It will be shown later (sec. Tb) that the point at which T equals

M2(w—c) is only an apperent singularity of (112). The point y = y,
end the point at infinity are the only true singularities.
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and

T ('w._cz)2

: 2
Sy b G0

2
ken+1(ysc,M )

_Mz} dy
Jyy T

X Xon_y (¥30,M)dy, nZ 1 (120)

k1 (y; C, Mz)

J
(T )
f \\.(w—c)z . J 7

J1 - J

In these integrale, the lower limit is taken at the wall (y = y1) merely
for convenlence,

In order that @5 and @2 msey be valid approximations to the regular
solutiorns of the complete dlsturbance equations (19) to (23) all along the
path of lntegration between the points y =y1 &snd y =y on the real
axis, that path must lle wholly In a reglon in which the asymptotic ex-
pansions of the reguler solutions for large values of &R are valid.

The esymptotlc expansions of these solutions for large values of oR

t 1/:5
hold only in the range defined by _ '_T_i <argr< ‘i"_ - (Y—Vc) 1< .
6 L Ve J

and _%<arg{<ccwc:>1/?y_yo)}< g_ (ef. (95)).

Vig

Censequently, the path of integratlon between yi1 and y must be taken
below the point y = Yoo (See fig. 1.)

Ycontrary to the statement mede by Tollmien (reference %), the proper
path must be taken below the point ¥y = Y. regardless of whether this
polint lles above, on, or below the resl axis. This questicn, which has

been responsible for a certain amount of confusion, was finally clarified
recently by C. C. Lin (reference 1).

Lo : ' R —
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It is now possible to define a reglon in the complex y-plane in which
the solutions ¢; and @z are everywhere analytic in the varlable y
and the parameters a?, c, and M2, Consider the simply connected region
R! which includes the end-points y =y1» and y = y= bub not the (singu-~
lar) point y = yco (fig. 2). The region R' and the region S' in the
neighborhood of the point y = yc can be made mutually exclusive. Pro-
vided W¥(y) # 0 in the range yi < y < ¥y2, the relation c¢ = w(y) maps
the reglons R! and S! in the y-plane into the mutually exclusive re-

gions R" and S" 1in the complex c-plans.

If 'y is now restricted to R!' and c¢ to R", the coefficients of
(112) are analytic functions of the varlable y and the parameters a?,
¢, and MR, and the solutions ¢; and @ must also be analytic func-
tione of (yi, oB, c, M2). So far as the characterilstic-value problem
is concerned, the 'analyticity'of the solutions ¢; and @z in a simply
connected region enclosing the boundary points y; and .yz 18 assured.
Unfortunately, this argument fails whenm c¢ = O, because the singular
point y = yec, W = O coincides with the point y = y1 at the golid
boundary, end the regions R! and S' cannot possibly be mutually ex-
clusive. This special case will be discussed briefly in sections 9a and
Gb. -

7. Further Discussions of the Anelytical Nature of the Solutions;

Their Behavior around the Singular Points of the Differential Equation

Although the analytical character of the solutions @3 and ¢ in

the region R is of great importence for the characteristlic—value problem,’

the behavior of @; and @z 1in the neighborhood of the singularities of
(112) is equally important in the investigation of the physical mechanism
of instebilitfy. ' _

(a) Singularity at the Point w = c:

Uhless the quantity. [.fL (Ew')] = [ll.(ﬁﬂ) ] vanishes,
dy w=c Ay NT w=C
the point y = Jo in the complex y-plane, is a regular singularity of the

differential equation (112). Since (w—) and T are anslytic functions
of y everyvwhere in the finite region of the complex y—plane, they can be
developed in Taylor's serles around the point y =y, (w = ¢), as follows:
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A

W, 2
v = wo! (y-7o) + E‘Z— {y=ze0)" + . . . {121) o
n -
T =T, + To! (y¥g) + = (y..;y'c) I (122)

Upon substituting the series develdpments (121) and (122) into (112)
linearly Iindependent solutions @i eand @z valid in the vicinity oi‘ the
singular point y = ¥, are obtained:

¢ = (yv,) ely-v,) (123)
. " _
?z = g2(y-y,) + ,)3 [ ( )] 91 log (y-y,) (124)
where g1 and are a.na.l,ytic functions of (y - Ye)s cz.z, ¢ and M2

and gy (0) = wp! ;é 0, gz (0) = To/we! # 0. These two solutions must
be subjected to the sams restrictions (95) as the solutions (117) end
(118). Consequently, in passing from Rl (y - yo) > 0 to RI (¥ - yc)
< 0, the correct path lies below the point y = y., and the proper
analytical continuation of (12k) for (y - yg) <0 48t

o B
Pz = g2 (3’-—-}’0) +-c—' 5-3" >} Pa ) 108

F¥go

} m} (124e)

For the physical problem, of course, only the properties of the
‘solutions @3 and @z along the real axis are import&nt. I o4 > 0

{amplified disturbance) the point y = yo 1les above the real axis, and
the solutions are regular along the real axis. In this case, the effect

J'S:lrice £ isg related to @ by (116), the discontinuity suffered by

| Iixi{q)g'} in passing from (y—yc) <0 to (y-y,) >0 leads to & phase

discontinulty In £, and 1t is this phase shift which makes possible the

%ransfg:):' of energy from the mean flow to the disturbance, or vice versa
sec. v

bl
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of viscosilty and cdndubtivity on the disturbance is negligible in the
interior of the fluid for very large Reynolds numbers. However, if
cy< O, the inviscid solution (124) cannot possibly be valid all along

the reel axis (fig. 1). If ey =0 (neutral disturbance), there is a

oritical layer of fluid at the point w = ¢ in which the velocity varies
very rapidly (f ~ log | y-yol), end in which, therefore, the viscous =

forces must be taken into account even when the Reynolds number becomes
indefinitely large. If oy <O, (damped disturbence), there are four

such inner critical leyers, because the lines arg C—-—{a (y-ye)i= — %

ta/z

W T X
(fig. 1) and the lines a.rgor ( 2 (yeyrc)l = - Z_, —, which delimit
\Vic 6 6
the region of walidity of the solutions ¢; and ¢@p, intersect the roal
axis in four points.

With the aid of the equations of motion and the relations (115) and
(116), the physical situation in the neighborhood of the point w =c
cen be made stilll clearer. It is not Alfficult to show that the rate of

thange ‘of the quantity™ p*t¥* where {* 1is the vorticity, for any two-
dlmengional motion in en invieseid, non-conductive compressible fluild is
glven by the relation: .

& (oxpn) = opx 80% 4 L 3e%,pY) (225)
atx (o £ ) ‘ ¢ at* * p¥* B(x*, y-w)

Tn the present case, if ¢ = ¢, then from (125) and the equations (49) '
to (53), there is obtained

a%?(‘_’*f*“(’ 8t w=o . (126)
oY
. a , '
qad?(ev)=0_at T =, (127)

that is, the transport of the quantity pw' across the plane w =c¢
must venish. It will be shown later (sec. 8) that it is impossible for
?(y,) = ¢, to venish if @(y) is a solution of the disturbance equation

“The quentity p*{* 1s related to the density of angular momentum.
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(112) which satisfies the boundery condition ¢ = O at the wall, If the

value of ¢ = ¢, 1s chosen so that [ & (pw')] # O, +then the trans—
ay w=c

port of pw! &across the plane w = ¢ can be balanced on;; by the diffu—
sion of pw' through the action of viscosity. It can therefore be con-
cluded that a neutral disturbance free from the effects of viscosity in
the interior of the fluid can exist only for velocity—temperature profiles

for which % (owt) = %(%} = 0, at some point.

From the energy equation (52), the relation (116), and (123), (12k),
(124a), 1t appears that if ¢ = o, (neutral disturbance), then © be—
comss indefinltely large a8 w->» ¢, 7> Yoo Even 1f the quantity

ay ——

[i ‘_’_‘_ ] vanishes, the conductivity of the Fluid cannot be neglected
T ¢ -

in the vioinity of the point w=c¢ unless T! = 0, which iz not gener-
ally the case. However, the mathematlcal results obtained in part I in-—
dicate thet the influence of the conductivity on the "viecous" solutions
of the velocity components l1s only secondary for Reynolds numbers of the
order of mmgnlitude of those encountered in most asrodynamic problems. !/

(b) Singulerity at the Point T = M2 (w— o)=:

In the case of the neutral supersonic disturbance, outside the
boundery leyer, the relative velocity between the mean flow and the x—
component of the phase velocity of the dlstirbence is always greater than
the mean sonic velocity.' At some point within the boundary layer, the
relative veloclty must be equal to the local mean sonlc velocity a.

a* B |

Sin —_—
. ce =

T ' 2 a¥ \8 -
= o this point will be reached when (w—c) = (._._.._) =
_ - q_*

T
— . Alt:;zough E(y) > » as T—> M® (w—c)2, Dy means of a change in

dependent variables 1% 1s not difficult to show that this point is only
an apparent singularity of the differential equation (112). If the de—

- - n )
pendent variables are chosen as ¢ and -, rdather then ¢ and ¢,

P
then by utilizing (112) and (116), a new system of linear differential
equations of the first order is obtained:

b6
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. m "‘Mz( _ )2 t T
@: - v G £+ hd 0] (128)
dyVMz (w-—c) P W--¢
T
dal —
P> = _ 17M2G.2 (W —_— O)CP (129)
Ay T L

The only’ singulerities of equations (128) and (129) cccur at the podnt - -
w = ¢ and the point at infinity. So far as the disturbance 1s concorned,

the physical significence of the point T = M® (w —¢)2® 1ies only in the
fact that it marks the point of transition between the supersonic end sub--
sonlc flelds of Tlow. . :

: 1
For K the neutral sonic disturbance <l —-—C = 1\-4-) , ‘the point at which

2 P .
(w —¢) equals __ moves out to infinity; (T—=> 1, w =1, as y> =),
ME : '

The physical and mathematical problem is more difficult to investigate )
in this case, because equation (112) has an essential singularity at in-
finilty and the asymptotic behavior of w(y) and T(y) as y = o is
samewhat complicated. In the next section, the behavlor of the sonic dls-
turbance as y—> = will be dlscussed in some detail.

(¢) Behavior of the Inviscld Disturbance as y —> & B

Boundary Conditions and the Characteristio-Value Problem:

s y>>, T—> 1, v—> 1, w—> 0. If o {1-—M2(1—c)2}#0
the disturbance equation (112)tekes the limiting form

" =a° {1 -M (1- C)E} P (130)

Equation (130) has the solutions e_ﬂy and e+ﬁy, vhere B =a .0

and Q =1 —M(1 —c¢)®., Tt follows that the equation (112) has a funda-—
_ +By

mental system of solutions behaving like e as y —> o, To define

B uniquely, it is necessary to introduce a "cut" along the negative real

-

axls of the complex {3-plane. Regardless of whether { 1 - M2(1_cr)2}% 0,
L7
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(subsonic, sonic, or supersonic dieturbance)* the _rea'l part of B will be
positive 80 long a8 ~n < arg(§2)<:x. Since the physical conditions of
the problem require that @ must be bounded as ¥y =» o, thp golution

+ :
e Ry must be rejected. Therefore, this solution ¢ must behave llke

By

e as ¥y > o,

3olutions of the type e By’ when combined with the factor e
evidently represent progressive waves, but it 1s necessary to be careful
in discussing its direction of propagation. A disturbance which is pro—
pagated outwerd with respect to a fixed observer at the wall is actually
an incident wave relative to en observer moving with the veloci¥y of the
mean flow outslde the boundary layer, and vice versa. This fact can be
readily appreciated by referring to. figure k. The wave fronts moving
outward and also downstream with a velocity ¢, relative to the wall are
overtaken by the observer moving downstream with the velocity 1 relative
to the wall., To such a moving ohserver, these wave fronts appsar to be
propagating inward. The Situation 1z obviously reversed for the wave
fronts moving inwa: inward and downstream with respect to the wall. The same
conclusion can be re resched, of course, by referring to the analytical form
of the disturbance. A wave front moving outward with respect to the fixed

well will have the form BTQKX‘— ct) e*ﬂ“y. However, for the observer
moving with the free stream velocity, the x-coordinate is x! = x — t,

. ]
and the wave front has the form ei“(x + (1 ~c) t) oW 1n nig (xt
coordinate system. The wave front 1is obviously moving inward in this
system, If c4> O (d1sturbance increassing with time), then then Q :> o)

end By > 0; the disturbance takes the form of an outgoing wave of ex—
ponentially demped amplitude (in y) as y-=> . If ¢y <O (disturb—

> ¥)

ance demped with time), then Q; <O end By < 0; the disturbance takes .

the form of an incoming wave, of_exponentially damped smplitude (in y)
as y—=> =, If ci = 0 and S? > 0 (neutral subsonic disturbance),

the disturbance is propagated parallel to the x-axis, and the amplitude
is exponentlally demped in y &8s ¥y —> . Thus, for -—=n< arg (Q)<m,
the boundery ccndition at y = ya is o! (y) + Bp(y) = 0, and *he
charascteristic values are discrete (sec. 4).

“The curve S)ia = k., corresponding to the condition l—M?(err)2=

‘for a sonic disturbance divides the complex -plane into a rggion of sub-
sonlc disturbances and.a region of supersonic disturbances fig. 3).

48
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If cy =0 end 0. <0 (neutral supersonic distur'bance), then /Q

a./ Gl
18 purely imasginary, snd both solutions of equation (130) < e:k {2 y'i>
are bounded as y-—> o, The corresponding pressure disturbances are also
finite (equation (115)). In this case, both incoming end outgoing waves
exist, but in genersl they are not of equal amplitude., This phenomenon
can be described physically as & reflection of an incildent wave, either
with absorption or reinforcement, end will be discussed In more deitall in
section 10a. Mathematlically speaking, 1n this case there is no homogene-—
ous boundary condition of the type (5é) at y = yz. Except for the special
case of & pure 1ncoming or a pure outgoing wave, there is therefore no
characteristic-value problem, or rather the characterlstic values are :
continuous end not discrete. A solution satisfying the boundery condlition
et the wall can always be found for arbltrary values of ¢ and a. In
fact, from (117) and (118}, such a solution for yFi< y < y= 1is

o{y) = (w —¢) Z k., (75 o, -MF) (131)

n=o

' 2 - 2
The condition o {1 - M1 -0)® }74 0 breaks down when 1-M (l-c)
= 0, (neutrel sonic disturbence) or when o = O. In the latter case, with

1 -M2(1 —¢c)2 #0, it is not difficult to verify that the solutions (11T)
and (118) are continuous in o« as o -> 0O even a8 y —> «, although
the point at infinity of the y-plane is an irreguler singulerity of the _

equation (112), Indeed, these solutions behave like e By (1 —¢c) eand

V1M1 ~c)?
a (1 ~c).

ing case a —» 0.

- + .
( 8 Py -8 By), respectively, as y=> < in the 1limit-

2 2
For the case of the neutral sonic disturbance, {l ~-M(1L-¢) }n 0,

and the asymptotic behavior of the inviscid -solutlions as y - o I1s quite
complicated. The asymptotic behavior of the mean velocity w(y) for the
cage of the compressible fluld boundary layer is similar to that of the
Blasius profile (reference 11, equation 10, p. 228).

g ¥ 1
1-w ~f e dz, for y>>1, (M = const.) . {132)

k9
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In the special case in which the Prandtl number is unity end the mean pres~
sure gradient in the direction of the mean flow is zero, the mean tempera—
ture T(y) is a unique guadratic function of w(y). Thus, (reference 11)

T=Tl'+{7"2‘lm2_('rl-1)}w—122}.M2w2 . (133)

In that case, since ¢ = Co =1 —id]: 3

T -M(wv—-0¢)®n (1-w F for ys>1 (134)
where F 1s & positive constant. The differentisl equation (112) must
take the limiting form: :

a {w—-¢)2 , Al a®(w — ¢)2

=Wy a#o (135)
R J T v
or, N
w! o -
/AL Yt = (1-w)FV (136)
1 -w T

vhere ¥ = ¢/(w — c¢). If the physical condition that ¥ be bounded as

¥ o 1is imposed, then . ];i: o (L ~w)¥ =0, and equation (136) - -
admits of two possible solutions:

Yy —> constant, ¢ ~w -0 —> constant, as y —> o (137)

Y'~1-w, (P(Y)“’f

y

o

(L —-wdy —> 0 as y —>. (138)
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The asymptotic behevior ¢ ~ (w— c¢) imglies that SR -

i‘:.(i) —> o, or X ~d?(y+A) as y->e«, by equation (129)  (339)
dy “p P _ -

~ P S ——

1 ofy) - /’(1-w)ay, then

¥
d = .
-d—i———§ 0, — ~> constant as y —> o - (140)
p B

Thus, for the sonic disturbance, 1f the pressure disturbance is. to
remain finite at infinity (equation (140)), then ¢ must approach zerg-
very repidly as y becomes infinite (equation (138)). The solution (137)
must be rejected, and the characteristic-valus problem may be expected to
have discrete characteristic values. The conditlion for the existence of a
.solution in thils case will be discussed in section 10c. =

However, 1f only a finite gradient of pressure disturbance is reguired,
but allowing the pressure disturbance itself to become infinite, both solu-—
tions (137) and (138) maybe included, and the characteristic values become
continuous. The physicel significence (if any)of this solution is not clear.
But the situation is somewhat analogous to the case of the steady flow of
& compressible fluld in the vicinity of the speed of sound, where small
local changes in the cross-sectional aree bounded by stream lines produce
very large local chenges in the velocity and pressure.

It should be noted that if @ =0 and ¢ = 1 — %i’ both solutions
(137) and (138) may be included. (See end of sec. 9a.) From the rela—

tion (115), it can be seen that the pressure disturbance remains finite
a8 y-->»o In this case.

8. Energy Relations for an Inviscid Disturbarics e =

The disturbances have just been classified into (1) self-excited -
disturbances propagating outward , (Tm(Q) > 0), (2) deamped disturbances ' _
propagating inwerd (Im(Q) < 0), (3) neutral disturbances propagating -
parallel to the x-axis (0> 0), and (4) neutral disturbances propegating

12
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both inward and outward (Q< 0). Tt is very interesting to consider
the energy relations in all these cases.l

In the first case, there is no doubt that energy must pass from the
mean flow into the disturbance, because the amplitude of the disturbance
is being increased and ensrgy is being carried to infinity by the wave at
the seme time. In the second case, the opposite is true. In the third
case, there is apparently no trensfer of energy between the mean flow and
the disturbance, In the fourth case, energy ls being cerried in and out
by the waves; whother energy will pass from the mean flow to the disturb-
ance, or vlce versa, depends upon whether the amplitude of the outgoing
wave ls greater or less than the amplitude of the incoming wave.

For the two cames of neutral disturbances, (3) end (h), it is ﬁossi-
ble to clarify the physical situation by consildering the time average
over a period (which is well defined for neutral oscillatbions).

Since viscosity and conductivity are dlsregarded, and the neutral
disturbance is harmonic both in x* and +%, +the average time rate of
change of the totel energy per unlt volume over one period end one wave-
length must be zero; that is, '

de*

at*

or

p*

2
a }_ ap* -
at*x U 2 T (12)

By neglecting triple end quadruple correletions, and utilizing the dynemic
equations like (49) to (53) to carry out certain reductions, the ensrgy
balance for 'the disturbance is obtalned in the followlng form:

2 - ) ]
—;d{(ui*)} —*T—*aui* *t ap*' 0 (’-l-)
ElTE ST M Y gy gm0 S

 These Investigations will also form the basis for the discussion of

the necessary and sufficient conditions for the existence of a disturbances
(secs. 9 and 10).

52
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Now the quantity p:"" i1s equal to — Rl [?r(cp' + iof) 1, vhere
2 L

i .
the symbol ~ denotes the complex conjugate. From the relation (115),

there results % = 1y 9;—‘1'%, so that the quantity in the bracket of

t .
the above expression is purely imsginary when ¢ i1s real. Hence,

cug*t . ‘ S
p*! 5 = 0, Using this relation, (143) can be reduced to
i
2 . -— K . ST -'_-j
—xa (ui*) A aui o —_— ' o e =
— = _ B *1 *1 . _ *t o%t) = O
° = 2 } _p b ¢ x> (ug** p*!) ' (1hk) L

The relation (14&4) holds for every point in the fluld. Hence, ' S

3

j p¥ ug ¥V u, KT aai* .!_'—t- . =
- p¥ 3t [}] = ¥ *
o
=/] p*t up*? 43

vhere V 1s a given volume of fluid, S 1s the'bounding surface, 'and
u,*' is the component of the velocity perturbations normal to S. Let

V be a rectanguler parallelepiped of unit dimensions in the x* and z¥
directions, extending from the solid boundary (¥ = yi) "to infinity" in
the y* direction. Then with the condition v** =0 for y =yi, (145)
becomes

() .

. usnv— - -
U= -
z du* dun* -
~ p¥ u¥t yxt L dy¥* = * * = p*! vx? (1k6)
dy* P ay* T o .
T u=0

IR
i
|

L,
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that 1s, the net energy propagated outward by the disturbance in unilt time
across the plane y = constant. (y large) is equal to the total energy
transferred in unit time from the mean Plow to the dlsturbance by the

eotion of the sheer stress T* = — p° u¥'v#! within the boundary layer.
It can be verified that

where (p denotes the complex conjugate of . B})r meking use of ('15.6_')',__'_
the expression (147) for the velocity correlstion can be brought into the
following form when ¢ 18 resl:

IRt a - ~ _ R
—— Im (ot ) : (148)
g2 2m—M (w—c)2 ' -

or rather

u*ty*t o Y . : -
—— - = = s (004" — 9;0,.7) (149)
ul 2P _M {yv—-c) . - S —

When ¢ = Cps the coefficients of the differential equation (112)
are real. If ¢ satisfies (112), then ¢, and ¢4 must also satisfy |

the equation independently, and the expression in brackets in (149) is
the Wronskian of the two solutidns, by definition. For equation (112) o
the Wronsklen im I

W (@, CP_:,_) = e /E =k T-M (w-—c)21 (150)

5l : ' T
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from the relation (114), where k i1s a real constant. Hence, from (1k9),

u*tyrt =7 : T o y
e "3 T mme T Rh (251)
() 2 px uy 2 i

Thus, 1f ¢ = c,,, the shear stress is constent wherever W (Pp, ¢13

is continuous, that is, outside of the Inner criticel leysr at w = ¢,
where the effects of viscoslty and conductivity predominate (sec. Ta).
To satisfy the boundary tondition at the wall, @.(yi) =nd o;(y1)

2 2
must be zero independently, and therefore, Wek [ Ty - M (wp —¢) ]J=0
In general, c2 £ T1/M®, so thet kX =0 and

W=o0, T =0 for y—y,< O (152)
(Cfo fiSt 5-) i . . -_-'_...._. B Ce-

By utilizing the solutions (123), (124), and (124a), and equation
(150) the discontinmity suffered by the Wronskian in passing from _ o
(y <5¢) to (y> yc) cean be calculated. In fact?, L

s %[%(ZL) i | | (153)

vhere @, = @ (y,). From (150), W = kT, for ¥ =T+ 0, =nd therefore,

P - [q)c

.
T=gzk for y.-_'yc>0 (155”)

In the limiting case of an incomprsasgisle fluid, AW reduces to

2 ' : S . e

k=1 -‘?f—,l- [.d:_<w >] (15,4') .
W La\r/ i

the value calculated by Tollmien (reference 10). -
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Thus, assuming for the moment that @, # O, 1if the sign of the quantity

[ —_— (—J is positiveJ energy will pass from the mean flow - to the

I 1
disturbence; if the slgn of [% (%)] is negative, the meen flow
c

. ) e 14
will absordb energy from the disturbance; if [._ <g_ ] = 0, there
' ay c

is no exchange of energy betwsen the mean flow and the disturbance.

In the foregolng discuassion, it was tacltly assumed thatb Pe 74 0,

By means of a proof similar ito that given by Tollmien (raference 10) for
the cage of an incompressible fluid, it is not difficult to show thet

@, cennot vanish if ¢(y) is a solution of (112) satisfying the bound—
ary condition o(y1) at 'bhe wall., This presently will be done.

If .p(y) satisfies (112), then ¢ = A; @; + Ap @2, and the be-
havior of @, and ¢z in the neighborhood of the point y = yo 1is

given by (123), (124), and (124a). Since @1(yc) = O and @z(yg) # 0

Ap = 0 if o(y;) venishes. Now @i(y) is analytic and c%' <‘?_<.p__3>
is finite et y = yo. By direct integration of equation (112),

4

-

o(y) = (wc) lmg‘/ {( T2 Mz} dyfy (W;c) dy + . . } (156)
wC . .

e

If y2<57<y

. ' 2
A where ¥, ig the value of y for which E- = (w- ¢) R

' T
then { 3 )2 - M } O, and the quantity in brackets in (156) is
Ww-—2C . . o

positive. Therefore, ¢(y) >0 for y < y<y, and 9(y)< O for
71 < ¥< ¥o; o(y) can never satisfy the boundary condition © = O at the
well, =nd the assumption cp(yc) = 0 must be sbandoned.
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9. Necessary and Sufficient Conditions for the Existence of an

Inviscid Subsonic Disturbance

So fer in the discussion of the inviscid disturbance in a compress—
ible fluld, i1t has been assumed that solutions of equation (112) exist
vhich satigfy the given types of boundary conditions. The energy criteria
developed in section 8 not only serve to clarify the physical problem
considerably, but also lead directly to the formuletion at least of the
necessary condltions for the existence of sach of the three possible types
of neutral inviscid disturbance. The sufficiency conditions cannot follow
directly from energy considerations. :

This section will deal with subsonic disturbences, neutral and self-
excited. First a necessary and sufficient condition for the existence
of neutral subsonic dlsturbences is established. It is then possible
to establish a sufficilent condition for the exlstence of self-excited
subsonic disturbances. However, a necessary condition has not yet.been

esteblished.

(a) The Neutrsl Subsonic Disturbance:

At large distences from the wall, the neutral subsonic disturb-

N

ance dles off like é—By, and. {p*'v*'f —> 0 88 ¥ —>» ». In

this cese, no energy is transported into or out of the boundary layer
by the disturbance, and therefore there 1s no net exchange of energy
between the meen flow snd the disturbance within the boundary layer
(cf. (146)). From the results of section 8, T = O, and hence the

gquantity [d w') must vanish, if ¢ # 0. If a <W'> doss
T\T/ |, T : & \T/
not vanish for some w>1 —.%, the only possible nsutral subsonic dis--
d wt
turbance is the one for which c¢ = O, When 53: <'Ef> venishes, for
W= Cg (say), then ¢ equals cg for the neutral eubsonié disturbance.

a w! 1
The condltion that d_f (T‘) must vanish for some w>1 -~ ﬁ

is also sufficient for the existence of & neutral subsonic disturbance.

As in the case of an incompressible fluid, the sufficiency condition can
be derived by means of an argument based on the fact that o(yi; «) is
an analytic function of « (reference 1). For ‘the purpose of this dis-—
cussion, 1t is convenlent to deal with the disturbance equation in the

o1
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.  §
self-adjoint form (113). Suppose now that —— <w ) =0 for soms

¥y >yi, wvhere w =cg (say). Then, by the necessary condition, the
phase velocity of the neutral disturbance, if 1t exists, muet be equal
to cg. Now, £ (y) 1is positive continuous and bounded everywhers, and
hence q(y) is also continuous and bounded everywhere. Eguation (113)
can then be ilntegrated directly to glve the relation _

' Ja 2 :
a, .
¢ (et (y) =¢ (72)o(y2) - /’ (q + T)cpdy (157)
Yy
2
By choosing the value of «f large enough, the quantity q + %. can

alwaysy be made positive, since q(y) is bounded. Nov_r, for ¢ = c¢g,
the solution ¢(y) can be completely defined‘_ by the boundery conditions

o(y2) = L — cg, Pt (yz) + & 1~ M (1. — ¢cg)2 ®(y2) = 0. Therefore,
o'(y2) <0 when «> 0, and from (157), 9'(y) <O when q + %2 > 0.

Hence, the value of o can be chosen large enough s0 that .
o(y1) > o(y2) > 0. For o =0, however, o(y) =w=—cg and ©o(ri) <O.
‘Since 9(yi; o) 1is a bounded, continuous function of o (gec. 2),

¢(y1) must vanish for some value of o = ag > 0. For s given value Sf

the Mach number, the value of ¢ =c¢  1is determined from the mean velocity- —
‘temperature profile, and the corresponding value of the frequency o = an

is given by the seculer equation (109). The boundary-value problem for,
the case of a neutral subsonic disturbance is completely solved.

From the disturbance equation (112) and the boundary conditioms,
it can be seen that for M < 1l the singular solution ¢ = w, for
¢=0, =0 (infinite wavelength and zeroc wave velocity) always

2
exlists, provided 1im nto JA W 1. If M>1, then in

c, o= ©
’ Tldl

the limiting case of infinite wavelength, (o = O) the neutral subseonic

disturbance becomes a neuntrsl sonic disturbance (c —— 1 - }.> ; that -
M

is, the condition
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wl'cMz/l— M2 '(l—c)'2

lim ot — = constant
c —><L - _> Ty o
M

¢ O

holds. The solution for ¢ 1s a linear combination of (w-— c) and

(o — T ) g
W 0)[{(“’;6)2 de

If M=1,0, the condition

w c::«/z -
m —_ = constant
¢ —>0 Ty @
o —> 0

holds for the neutral subsonic disturbance in the limiting case of in.
finite wavelength, and the singular solution @ = w exists.. The sig--

nificance of these limiting conditions will be appreciated in the in-- — —

vestigation of the asymptotic behavior of the a — R curve for the
neutral subsonic disturbance in a viscous compressible fluid, which
will be carried out in a subsequent report. - -

-~

{(b) Amplified and Damped Subseonic Disturbances @

a ,wls
It has been found (sec. 9) that the condition that d—;;(? must

1 .
vanlsh for some w >1 — 7 is necessary and sufficient for the exist-

ence of a neutral inviscid subsonic disturbance. By analogy wlth the
case of an incompressible fluid, it can be expected that the condition

1 1s also sufficient for the existence
M . ) - . =

of emplified subsonic disturbances ("adjacent" %o the neutral subsonic

.@.(W_'>=O for some w >1 _
dy T

disturbance ¢ =cg4, o = q.s). If % <%’-> does not venish for some

1 .
valve of w>1 — h? it appears probeble that except for the disturbances

9 T T
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c=0, =0, for M<1, or ¢=1-1/M, a=0, for M=21, only
damped subsonic disturbances can exlst in the inviscid compressible fluid.

1
O for some w>1 ~ —

M
is a sufficient condition for the existence of emplified disturbances,
e method 1s employed which is qulte similar to that used In the iuncompress -

ible case (reference 1). Thse foliowing points are settled: (1) The
exlstence of characteristic values of ¢ andi o near (cs, o) such

that Im(c) = ¢q # 0; (2) the sign of cy.

t
To prove that the condition — hd >

(1) It has already been found (sec, T7) thet the boundary conditions
for the subsonic disturbance yield a unique relation between the charac-
terlstic values of the form

¢ =c¢ (a, M) (158)

where ¢ 18 an analytic function of o and M2 except in the neighbor -
hood of the point ¢ = 0, o = 0. - In the neighborhood of a = ay # 0,
there is at least one value of ¢ for every value of o (real), and if
a#ag then c # oy, and c¢ must be complex; that is, ¢y # 0, for
the only permissible real value of ¢ is Cge

(2) In the neighborhood of & = ag> 0, a and o are uniquely

related, and ¢ is an snalytic function.of o2. Then c{(a®) may be

oxpanded in a Taylor's series of A - Mg = a® — ag® around the point
2,

A’s""'“s'

°=°s+(>"—)"s)<:—% -(R-lg) ( > + ... (159)
B 8 :

a ’ ) '_'
Ir m(.ﬁ) 40, or, if ( 2 0, k=1, 2,3, n—1, bdut |
dx ‘s e

d c
Tm (—ﬁ-> #0, and n 1is odd, then ¢y will always be positive for
an

some value of « slightly smaller or larger than ag. For these values

of (¢, @), a solution o¢(y) exists which is valid all along the real
axis (sec. Ta).
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. - k
The imaginary part of < d._z can most readily be ‘calculated by
8

succeassive differentiation of the d&ifferentiasl equation (112) with re-—
spect to A. If ¢(y) is a chardcteristic functlon, end ¢ and A eare

the corresponding characteristic values, 512 existe in the regions R!
dax
and R" (sec. 6) and indeed
' . d | T g
N é?ia'cpx-—ﬁ+ _?.ici (160) g
oA © dc ar

For the purpose of this discussion, equation (112) can be rewritten in
the form '

L(cp):cp"+§.'.cp'_<q+i)93=o (161)
' ¢ T/t . L

where the primes denote differentiation with respect to y. By differ.- .
entiating (161) once with respect to A, the following differentlal o
equation for ¢, 1s obtained: ~ } T

1 A .
L(py) =" + %—cpk'_ —(q * o ) ®, /¢ e
| (162)

F RO NN YN

When M = Ay, ¢ —> Cgs the corree:sponding expressions for L(Cp;‘,)
and L(_cp) will be denoted by ILg(p\g) and Lg(eg) , respectively. From
(160) and (161),
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©q o _. )
ts {’cPsLs(chs) ""psts(q’s)} = P {gs (PP - q"sq’)ys)}

T () ot (&), + (o o2 tent [E Dot [2 O]

8

(163)

-

If both sides of equatlion (163) are integrated between the limite y = yi .
and y = yz along any path in the region R 1in the complex y—plans, an

d . S
expregsion for <.f.> is obtained. Consilder first the integral of the
A o

left-hand side of equation (163):

Yz

L7 & T G o]t G o)

71 yi

(164)

Since @ (y1; ¢,.A) = 0 is an identity in A, @g4(y1) = ®4(71) =0,
and the Integrated expression va.ni?hes at yi. At the upper limit,

~

(P's (Yz: c, A) = - Oy A/l - M (1 — _cs)a CPB(.Yzi Cqs A.B),

. > — L
_cp'ks (Y2; OS’ A'B) = - a’s 4/(1 - M (l "cs)z _cp)\'s (Y2? CS, A's)

._.(ps (yg; Cay ks) '{a%-m '\/l ""'M: (1 -—c)a\
.

Js
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Substituting these relations into (164) finally results in

y2 de
= 81 + &8z (-—

dr“s
Ji

(165)

) £ s_( PP g ~ q_ﬁs q’i\.s)

where a; and =ap are real constants,

The integral of the right-hend side of equation (164) is

./..Y'a L@q— .__>{/qu ( + (qs+§'§> &SCPSZQ—%]—E'-

J1

—q?s(Ps’gls’(;—c%)s] dy:f CPB dy + (

T1 _ e

(166)
' Equetions (16h), (165),.and (166) yield

Coe | R
- 2 -
Y T :
(dc) - i T (167) |
ax 8 Il - 82 : T

. Jz <P52 .

In evalvating the integraels I; eand [ - dy, integrate along the reel

UYL

Y=
axis, except fer the term.u/p 0> ES) dy, Indeed, ell the other
: . dc /B

Ji
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integrals have real and finite integrands along the real axis. Thus,
the imaginary term in (167) cen occur only with the integral

f ( ) dy, the integrand of which becomes infinite at y = yc;

i

By expanding the integrand in power seriles in the neighborhood of ¥y = ¥q,
there 1s obtained

wlnle - B

yg{q)sc+2¢socp sc(y—yc)'" e o !} { (gsw')g (y—yc)'l' 4 .' L }

dy
o 1] 2 )
TR O PRI s PR
'W' e ) J yc L thc yG J
(168)
from which, L
8 (gswz) G
= {Il} |90 e (162

Ir Qs(y)is a characteristic function, @, can never vanish (sec. 8).

Hence, Im{Il} # 0, Im(j-%) # 0, provided {ﬁsw’)'é # 0; eand
s _

¢y must be vositive for some value of o slightly smaller or larger
than O e

i

The restriction that (f,sw')"c must not vanish cen easily be rer

moved by an extension of the foregoing ergument., By the physical nature
of the mean velocity-temperature profile, if (an')’c = 0 the quantity

¢t gw' must have a true extremum at the point y =yc w =cg and not an

6k
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inflection; in other words, (£ w')' must have a zero of odd order at
the point y = yc. Therefore,

am+x ( cmé2 )

(gsw:>t _ (y-we) (gsw'>c F.o4., m=0,1,2, ... (170“)”" _

T (emr1) !

. de : .
From (169), it can be seen that Im <-——>E =0 for m<=1, The differ—

entlal equation (162) for ¢, 1s regular in the vicinity of the point
Y = Yo, . and therefore @ (y) 4is real. By differentiating (162) suc-
cessively with respect to A, differential equations are obtained for

x . _
d_2q_>, Ei_g, e ey Ek_qi, vhich are all regular in the vicinity of the point
a2 a® arzk” '

Yy =¥ Iif k< 2m+l. Consequently, %’(k) is real for k < 2m+l, In

: k
i

the expression for (
ak/s

a term of the form

e (L [ Y ()

aa W
R
alweys appears by enalogy with (168). (A1l the other terms in the ex—
k .
d
pression for —;- are alweye real.) By virtue of (170), the im-
ar s

aginary part of this term vanishes if k< 2 m + 1, However, 1f k = 2ml,
the imaginary part of this term is -

2 L=

(g it >i2m+2) £0

2t

amt2
ax 4 (W‘c)

' a ¢ :
Therefore, Im ( > #0, and cy> O for some value of o slightly
Y : _ _

larger or smaller than ag. The proof of the exlstence of ‘amplified
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subsonic disturbances adjacent to the neutral subsonic disturbance
c=cg a=a Is thus completse.

It 1s quite difficult to give & rigorous proof of the existence of
amplified subsonic disturbences adjacent to the neutral disturbance ¢ = 0,
a = 0, chiefly because ¢ 1is not an analytic function of o« In the
vicinlty of thls point. (See secs.7 end Tc.) Although it does not seem
worth while to discuss the details, 1t can be shown by & method similar

de ’

to that utilized by Tollmien (reference 10) that ( —_— > is reael,
d): ¢cC =0

c=0

2 s a%
m (&2 1o posttave 12 [ £ (U] >0, e m(iY
ar c=0 . dy T ¥ - an

is unfortunately logarithmlcally infinite. The argument in this case
is therefore inconclusive. Of course, from the asymptotlc behavior of
the neutral oR curve, it should be possible to see that amplified
stbsonic disturbances do actually exist in the neighborhood of the neu-
tral disturbance ¢ =0, « =0, if the neutral disturbance c¢ = cg,

a = ag oexists,

10, Some Further Discussions of Inviscld Disturbances

So far, only subsonic disturbances which are neutral or nearly neu-
tral have been discussed. These disturbances correspond to the immediate
neighborhood of the poeltive real axis of the complex (-plane (fig. 3.
It has not yet been possible +to get any result regarding gensral non—
neutral modes, except that they possess the property of being elther self -
excited and outgoing, or damped end incoming, and that no sharp change
in property would be expected in passing from subsonic to sonic and 1o

supersonic disturbances, The neutral sonic and supersonic disturbances,

however, do enjoy & speclal position. The former corresponds to the

branch point of ./ at the origin, and the latter corresponds to the
cut® drewn in the (Q-plane to separate the two solutions exp (o /{1 7).

In the following sections, the neutral supersonic disturbance is
first considered. The transfer of energy is made the basis of thils
investigation. In section 10c, the case of the neutral sonic disturb-
ance is discussed briefly.

10f course any other cut might have been used. This particular
one, however, has the desirable property that one of the solutions

exp { = aNQy } is in general ruled out by physical requirements,
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{a) Necegsaery Conditions for the Existence of a Neutral Supersonic

Disgturbance: '_ - .

The results of the investigation of the energy balance for any type

of neutral inviscld disturbance lead directly to the necessary conditions
for the existence of the neutral supersonic disturbance:

(1) If the mean flow in the boundary laysr sbsorbs e‘nérgy from the

H
disturbance, i <Y_> < 0, ¢ >c_,, The amplitude of the re-
_ dy T 8 . .
' i A 1) :
flected wave must be less than the amplitude of the incident wave,.

(2) If there is no exchange of energy between the mean flow and
the disturbance, c¢ = ¢g., The amplitudes of the incident and reflected

waves &re equal.

(3) If the disturbanceé ebsorbs energy from the mean flow in the

boundary layer, [i (‘if.)] > 0, o< cg. The amplitude of the

reflected wave must be greater than the amplitude of the incident wave.
Of course, c¢c< 1 - -]-'-, and o 18 arbltrary. The stationary Mach waves
M

¢ = 0 (a arbitrary) can always exist.

The necessary conditions for the existence of a pure outgoing or a
Pure Incoming wave will be discussed in connsction with the refisction
and sbsorption of the neutral supersonic disturbance. (See sec. 10b.)
Formulation of the sufficilent conditions in this special case has proved
to be a formidable task. In general, q(y) is not bounded at the point
w=c, and ¢(y) ie not bounded at the point T = M2 (w — ¢)2, Con—
sequently, 1t 1s difficult to determine the sign of ©(yy; a) for large

values of a, &and it has not yet been possible to carry through the type

of a.rgum?nt which served in the case of & subsonic disturbance. (See
sec. 9a.

(b) Reflection and Absorption of the Neutrsl Supersonic Disturbance:s

By the action of the viscous forces within the critical layer et '
w=c (c#cg), arelative phase shift is produced between u*' and
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* . - -
v*t, and the shear stress T = ———_ increases (or decreases) rep~
po*{io*)® - o
1dly from zero for (y — y,) < O to the value gk for (y - ¥,)> 0

(secs. 4+ and 6). Thus, the critical layer takes the place, in & sense,
of a wevy wall or irregulesr solid boundary, in reinforcing or partislly

' 1
canceling (d.epending on the sign of [ % <%>J > an incoming
. o

disturbance during the process of reflection.

is also equal to

]
M|
w

From equation (111-8); the shear stress T

o 1 ~ ioy . oy
the expression — — Im (p'@). Since ¢ ~ le + Be

for y 5>1 (sec. 7)

| - " e
T kza»fMa(l-c)E 1 {!B tAl J ) e

»

and hence, from equation (154),

N a

1 [ -a- 21 - n'; ,930’- i "'__’L (172)
Ja-eF -1 L iB! LAI J o v ! [dy('r ]C

By making use of equation (172) and the sdditional relation

a2 -] . v 2 [8
[cp'(yg) + of fcp'(yg)’ = an® ( lAI + [B | } (173)
'~} 14 -
. " IB I 2 - .--_'_.'.. —e—
an expression 1s obteined for the "reflectivity"” K = -, defined as
{al™ . "

the ratio of the energy cerried out of the boundary lsyer by the reflected
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wave to the energy brought into the boundary layer by the incldent wave.
It 1s found that

Kaittd (17%)
1-3

where

e L2 (], .

J =
ot (yz2) |3 a fP(Yz),
V3]
Pe
Iﬁ follows that ’
KE 1  when JEO (131 1) ars)

The necessary conditlon for the existence of a pure outgoing or incoming
wave ls :

J=1 } (176)
J:—l .

In this case, the boundary condition at y = y2 1

@' (y2) * wwp(yz) =

and [1 a /vt ]
| o vt ay 2z e ={ 1 (277)
a2 o(ya) [2 -1 )
2, o

T
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In section Tc, 1t was remarked that a solution of the disturbance
equation (112) satisfying the boundary condition ¢ = O at the wall
(y =31, or y =0) could always be found for arbitrary values of ¢
?nd % i? the case of the supersonic dilsturbance. Such a solution is

cf, (131

o{y) = (v - o) Z & konsa (75 ¢, M?) (a78)
n=o d
so that . ) . o
' o(y2) = (1 ~-¢) }Z anvk2n+1 (725 c, M3) (;7?X"
’ n=0 - ' :
O'(ra) = (1 o) ) & K'annr (y25 o, ) (180)
. = T we e R
Pe = 0o(ye) = —-—%— lim (v - ¢)® zz o« klonge (yc;-c; Ma‘)h1
n=o
o .
T 1+mafy°("‘°) ) QR I QP
W T (w—c)?2 J o
Ji

It is agsumed that the mean velocity temperature profile in any o
particulaer case 1ls known for each Mach number. Subject only to the re—

strictlon c¢< 1 -%? the reflectivity can be calculated for a series of

sultable reel values of c¢. These caleculations should give some
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indication of the conditions under which a pure outgoing wave or a pure
incoming wave can exist.

+

(c) Necessary and Sufficient Conditions 'for the Exiéterice of a

Neutral Sonic Disturbance:

If the physicel condition that both @ and x/p must be bounded .
as y —» o .is imposed, then in the case of the neutral sonic disturb-
ance, ¢ and @' —> O very repldly as y —> « (sec. Tc) and no
energy can be transported into or out of the boundary layer by the dis-
turbance. The necessary condition for the existence of a neutral sonic
disturbance is therefore (sec. 8)

c=cs=l_-% (¢ #£ 0) | (182)

Unlike the case of the neutral subsonic disturbance (sec. 9a), the
condition ¢ = ¢y is not entirely sufficient for the existence of a
neutral sonic disturbance. Because the physical significance of this
sonic disturbance 1s not yet clear, it does not seem worth while to
discuss this problem in great deteil, although some mathemstical results

have been obtained. A brief sketch of the arguments and results will be

given here. From equetions (117) to (120), and equation {138), the so-
lution of the differential equation (112) for « = O which has the cor-—
rect asymptotic behavior in this case must be

Therefore,

. . .
¢<o)=_o[ {m _Mz}ay, @=0 (i85

TL
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end hence,

e(0) So ‘ (185)

according as

./:m {wfc)?'f}dyzo

On the other hend, an argument almost identical with that utilized
in the case of the subsonic disturbance (sec. 92) shows thet ©(0; a) > 0
for large values of a, if ¢ = cg. BSince ¢(0, a) 1s & bounded con-

tinnous funetion of a, if

/w(——i———.Maldy>0
S w{w-c)® J

?(0, o) nmust vanish for some value of o > 0; if

A

a (F-Flo-e

e non-trivial solution exists for o = O; if

' . ‘/m{__T___f\@<O
S (w-¢c)2 J

it must first be determined whether or not (0, a) > ¢(0, 0) for all

a, before any definite conclusion can be drawmn. 3By employing a modifica—
tion of the oscillation, or comparison theorem (reference 11), it can be
shown that (0, az) > ¢(0, 1), if oz >ay, and therefore {0, «)

is a monotonic increasing function of ' «. EHence, if

r

T2
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. {—E—————Me}dy<lO

. “(w—- o)
o

no solution of this type existed, with o # 0. (See end of sec. %=.)

11. Concluding Discussions

The above Investigations of energy relations and the necessary and
sufficient conditions for the existence of certain types of disturb—
ance, ‘though incomplete, serve to give a general understanding of the
stability problem in an inviscid fluid. Before proceeding to include the
effect of viscosity, the significance of the results will be discussed
somevhat in detail. T

The distribution of the density of anguler momentum ecross the
—

du
boundary layer is unstable if the quantity 5* — has an extremum

. * .-

for some positive value of u > i'f; ( - %) , where M is the Mach

nunbey for the mean flow outside the boundary layer. TFrom the equ&tio:ns
of mean motlon, 1t 1s not difficult to show that the quantity

will always vanish for some value of w >0 if the solid boundary is
insulated, or i1f heat is being transferred to the fluld across the solid
boundary. Thls can he seen as follows:

The dynamical equation for the mean motion - -

g DU e 3 ) d x BE*> o
U ot ¥ o Y=o o
° . Ox#* v oy* Ay * H dy*

-

‘Subsequent investigetion has shown that this is the cage.
13
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glives
(aEE* om0 B
By*a)i T* ay*>1 <By* 1
if
-y . . _ _
il =<_T_ . (m = 0,76 for air)
Ho To

where the subscript "i" refers to the wall. If heat ls transferred to

T 3 >
the fluid at the wall, ( ——) <0 gand hence ) > 0, There—
dy*/y Jy*2 /4

fore, the quantity

—e - — —
3 13 \_1 0% Oou 1 oT
Ay * ('l—ﬂ‘ By*) il <5y*2._8y* o By*)

-—
1 ou
must be positive for y* = yi *. Thus, = s increases from some posi—
T oy T
tive value as y 1increases from yi¥, But also 1t is known that it
1 o |
spproaches zero as y¥* becomes infinite. Hence, — S_ has a maximum

1 -
at some Poin-t y*> yl*; that is, :_y(%_) vanishes for some w > 0,

-
9% >

dy*® 7y
= 0, The above argument yields no conclusive result. By differentlating

' dT _
If the solid boundery is insulated, < é——> =0, and
y* /1

the dynamical equation once more with respect to y¥*, and utilizing the

equation of continuity for mean motion,

Th

1
v il
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SO 1 (e B 25"
ox* By 5* ag* oy
it is found that
/ 632'*> - crm Bu* > 0
\a * 3 T
v 7, CpTa
2_ . - .
du* * ¥
Thus, a—-;—-z mst be positive for some y¥> yi; and since é_"—" <0,
Y : ¥
d /1 on*

for y* < yi, it follows that the quantity ) must be posi-

tive for some y*¥> y’{. Hence, the essential conditions for the last
cage also hold in thils case. The same concluslion is therefore obtained.

However, i1f heaet is withdrewn from the fluid at the solid boundary
—

OT
< ) > 0 end ( > < 0. The signs of the quantities _
8y* 3y 4 oy *

and. *2 will remain unchanged as y¥* increases from y¥*; in gene:,r'a.l.:L

a- ru! '
Hence, the quantity E.(T) remains negative and will ndt vanish.

Therefore, for M < 1, if the boundary is insulated or if heat
is brought into the fluid, it is certaln that the laminar boundary layer
in a compressible fluid will be reletively less steble than the isothermal
Blasius boundery layer in an incompressible fluid, as far as the inertilal
forces are concerned. If heat 1s teken from the fluid, the flow will be
more stable. Although these conclusions can probably be extended to the

1/2

1 ‘ — —¥%
Except when the quantlity [( ‘2[‘S - T;_) ¢

—
+ ("I"z - T’I) :I/ ("f:_' T:) is very small, where Ts = gtagnation tem-

perature,

> e
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case when the velocity of the mean flow outside the boundary layer 18
only slightly supersonic, no statement can as yet be made for the general

supersenic case.l

quantities mey not necessarily be decreassed by heating the solid boundary.
For in the viscous solutions of section 3, it is the kinematic coeffi-
clent of viscosity near the solid boundary that enters. This coefficient
is increased by heating, thus leading to greater stebility, Whether the
minimum oritical Reynolds number for eny compressible-fluid boundary layer
at any Mach number will be greater or less than the value for the Blasiue

profile can be determined only by actual calculation. This question will

be settled for several representative ceses in a forthooming report by
some numerical work following methods to be discussed in the next part .
of thils report.

- In a recent roport (rei‘erence_6), Allen and Nitzberg suggested
that the "proper" Reynolds number should be based upon the kinematic
viscosity at the solid boundary. For small values of c¥*, this
is not very different from that &t the critical layer. However,

. . —_ % -
they have assumed that the. critical Reynolds nuwber (u 5. *> is
' Vi1 Jor

equal to the oritical Reynolds number for the Blasius profile. For the
case of insulated selid boundaries (e. g., airfoll surfeces), their

*
value of (E* ¥ /5 10>cr may therefore be too high.

For example, for M > 1.5, it mey not be possible for a subsonic
characteristic-oscillation to exist in certain cases, because in addition
to satisfying the equations of motion and the boundary condjtions, 1t
must aelso satisfy the condition o*> 1. 1/M. '

76
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JIT - STABILITY IN A VISCOUS CONDUCTIVE GAS
l2. General Conslderstions and Methods of Numerical

Calculations for the Stability in a Viscous Fluid

The foregoing inviscid investigations serve to illustrate the gener-,
al bshavior of the pressure and inertial forces in the control of the
. 8tability of the flow of a compressible fluid. Thesme results can there- -
fore be used as a guide in the investigation of the stability in a real
fluld at large Reynolds numbers. In the case of the incompressible
fluid, very valuable informstion has been obtalned by consideration of
e modification of the results in an inviscid fluid by the effect of vis-
cosity. The general conclusion has been reached that the effect of vis-
cosity is essentially destabilizing at very large Reynolds' numbers; and
1t has been possible to obtain the asymptotic behavior of the neutral
stability curve for large values of the Reynolds number, alsoc to give a
quick approximate estimation of the minimum critical Reynolds number and
indeed to compute the complete curve of neutral stability. In the present
case, corresponding developments should also be pogsible, but the results
evidently depend upon the Mach number. - Any computation of +he curve of
neutral stability must be carried out for each value of the Magh nnmber cf
the free stream. SSemme—=n

Owing to the limitations of time, it has not been vossible to carry
out these computations, The euthorsg, however, laid down the general plan |
of the calculation of the neutral curve of stebllity, and repeated the
calculatien of Tietjens function. Some of the numerical values turn out
to be slightly different from those originally given by TletJjens (table I
fig. 6). They agree very closely with the results of chlichting e later
calculations (table 2, p. 73, reference 5). —

A method of numerical calculation very similsr to that used in the
incompressible case will be outlined below. It enables the curve of
neutral stabllity to be computed for each Mach number as soon as the dis-
tributions of veloclty and temperature are known for that Mach number.
Several such distributions have been obtained by Kaiman and Tsien
(reference 12), by Crocco (reference 13), by Emmons and Brainerd (refer-
ence 14), and by Hantzsche and Wend.t (reference 15).

Method of numerical calculatlion.- The calculation of. the neutral
curve depends upon a proper evaluation of the function E(a,c,M2} ‘ —
occurring in (105). According to (108), its evaluation depends uwpon
the evaluation of @i and ¢id (1,53 = 1,2). To evaluate these

functions, the inviseid solutions (117) and (118) are used. After a’
little calculation, there is obtained

7
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=-¢ oy = O
{ N { l - (188)
o5 ) -

i g2

ga ) ]
Qi1 = W3 P21

where the subscript ( )i denotes values at the wall ¥ = Jai.

velues of y- depend upon the integrals h and k of (1Y) a.nd. {120).
Then _

P12 - (1 -¢) Z o Hap (o,M3) T
= L
pzz2 = (1 -¢c) Y o Kepsr  (c,M%)

T=0 ' -
| ' } (187)

CP;.: = (1-c _L 2 —le TU. an Hzn-l (‘3 M2)

(1-c) n-o

Pop = (l-c){ 1 - M2} y @ R (c,u2)

\il_c> l—ﬁ;o - S J -
where ' =
. i . | ~
Hop (€,M7) = hyy (y250,M7) ,

Kone: (C,M2) = kenyy (¥2,c,M%)

Hap-a (c,M%) .{C[Lz - l}—l hen  (¥2s¢sM7)
AL=C
Ken (o,4%) = { (:) A o Gaed® B
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Substituting (187) into (108) gives ' o | '_ ]

wi (P22 + B P22) 1 -
E(O:,C,Mz) = m 1+ N ) _(189)

_ﬁ.{ :
wi (ehe + BPzz) +1 3 oio + ﬂCPla} ) -~

where A = A(c) 1s defined by

wi (y1 - Fo) = ~c(1 + A)  (190)
. By 1n'broducﬂ'.ng the function ‘ ; __
1 : '
22 =170 T
and using the relation (189), (105) may be reduced to the form = . _ -
(L+2) (u+iv) i ._ VJ. C(CPze + BPzz)
Xz = § + 2 (u+ iv) with u+ dv= 1+ (TJ.)(Csz + 9<P12) (192)

It is noted that the Quan'bities q)ég and @zz Iinvolve the integrals _
Kon and Konsi. These integrals involve ' -

py . yz . . e em L
T @ / [ = ol I
—_— - dy = K1 ~ S . dy cT

. {.<w S A S L =

in the first step of integration. By substltubting the, right-hand-side
expression into o + BP2z, 1t is not difficult to verify that the

terms involving Kji -combine to give @}p + PPiz. Hence, it is conven- _
lent to write . g - - . -

P22 + BP2z = (Piz + BPra) K1 7. . CL T =

Substituting this into (3.92) gives finally (with yo =~ y1 = 1)

1 o
w1 e wic?d (193) -
u+ iv=1 { / M}
o (w - c)z dy (P2) (P12 + Boprz)
The function f —-E———d.y and_ the integrals involved in cplg, cp;_g, .
(W’ _ c)a . e _—_:_
J1 ’ ' ’

and ¢ may be evaluated by methods similar to those used in the =
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incompressible cese. The significance of bringing the final equation in
the form (193) is that the imaginary part of the right-hand side

Ja2
is mainly contribuced by the term involving f T(w - ¢)™2 4y the

¥ Lo
' T wvh Ty .
imaginary part of which is -=x -—92{ & _ _C. This can be easily calcu-
wé wé Tg
lated. Thus, using the fact that A is usually very small gives,
epproximately, .
. T,/ Wy TH Wi ¢ | .
Fi(a) = -x 5 2 - -‘.’) X (194)
Vo Ve TC T3 i

where Fi(z) 1s the imaginary part of F(z). The relation (194) would

give a correspondence between ¢ and z. From this, the value of aR ST
cen be: easily calculated by means of (107). For more accurate calcula-
tions, use is made of the relations )

Fr(z) = (L + 1) Xu(d + ) - A.vz} {(l + )2 o+ (kw})z}.l

| . Ty (195)
Fi(z) = (L + M)v {(l + Au)? + (kv)a}

where Fp{z) 1s the real part of F(z). Using (194) as the initial ap-
- proximation, a method of successive approximations can be developed ..
exactly es in the incompressidle case for the calculation of o, R

for given values of c¢. The complete numerical calculation will be
carried out for a few typical cases.

California Institute of Technology,
Pasadena, Calif,, November 15, 19hk.
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Table I.- Functions F(-z) and F(z)

NACA TN No. 1115

Z Fr ¥y Fr Ey
1.0 0.89161 - 0.35025 0.80630 -2.60557
1.2 . 78969 -.27310 1.77012 -2.29854
S 1l.h .T1970 -21213 2.26836 -1.71669
1,6 .66931 -.16009 2.44985 -1.18600
1.8 63143 - 11274 2.48104 - 75892
2.0 .601L4 -. 06741 . 2.43927 - 41253
2.2 57599 -.02226 2,35196 ~.123L48
2.4 -55230 -.02395 2.2272k ' +11916
2.6 52773 -.07203 2.06929 .31558
2.8 k9952 +,12220 1.88566 16043
3.0 L6h56 17391 1.68938 5u872
3.2 Lhaght .22520 1.49726 .58082
3.4 .36110 . 27193 1.32516 56401
3.6 .28802 .30705 1.18429 5107k
3.8 .20352 .32130 '1.07982 43560
4.0 .11800 .30721 1.01118 .35220
k.2 -,04698 .26559 | .97361 27133
Lok .00240 .20811 .96056 .20038
4.6 .02160 J1hhT5 .9598§ .13601
4.8 OLETT . .09875 97659 .09503
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Figure 1.- Region of validity of the asymptotic expansions of B
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Figure 2.~ Region of a.nl.lytioilty of the inviscid eolutions.
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